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Semilinear wave optimal control problem

min  4(y, u)
(y,u)
st. Yy —Ay+y>=u on (0,T) x Q,

Ju(t)]2 < w(t) on (0, T)

bounded smooth domain Q c R3, distributed control

@ homogeneous Dirichlet or Neumann boundary conditions

initial values (yo,y1) € H3(Q) x L?(Q) = & (energy space)

constraint set Upg = {u: (0,T) = L2(Q): [lu(t)||> < w(t) }
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The state equation
e defocusing H}-critical semilinear wave equation
y'(8) = By(t) + y°(t) = u(t), y[0] = (vo,11)

@ nonlinearity y”: 1 < p < 5 subcritical, p > 5 supercritical

o defocusing ~ sign of nonlinearity ~  global-in-time existence
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The state equation

e defocusing H}-critical semilinear wave equation

y"(t) = By(t) + y°(t) = u(t),  y[0] = (y0,11)

nonlinearity yP: 1 < p < 5 subcritical, p > 5 supercritical

defocusing ~ sign of nonlinearity ~  global-in-time existence

Q = R3: global existence well established [Gri92, SS95, Sog95]

(]

Q bounded: Dirichlet [BLPO8] (u = 0), [KSZ16], Neumann [BP09]
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The state equation

e defocusing H}-critical semilinear wave equation

y"(t) = By(t) + y°(t) = u(t),  y[0] = (v0,11)

nonlinearity yP: 1 < p < 5 subcritical, p > 5 supercritical

defocusing ~ sign of nonlinearity ~  global-in-time existence

Q = R3: global existence well established [Gri92, SS95, Sog95]

(]

Q bounded: Dirichlet [BLPO8] (u = 0), [KSZ16], Neumann [BP09]

here: consider mild solutions (— v € L1(0,T; L?(Q)))
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Mild™ solution

Definition
Say: y[] € C([0, T]; €) is mild™ solution of CWE iff

il (ﬁ) +/0teA(tS) (u(s) 0y5(5)> ds

and additionally y € L4(0, T; L'?(Q2)).

o A first order system wave operator in & = H§(Q2) x L2(Q)
e mild solution with additional integrability properties [SS94]

o mild* solution satisfies y> € L(0, T; L?(Q)):

L*(0, T;L¥(Q)) NL*(0, T; L°(Q)) < L°(0, T: L*())
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mild™ solution: properties

@ equivalent to: weak solution + additional integrability (weak™)

@ associated (conserved) energy (E(t) = E(0))
E(6) = IR + IOy — [ (ul) () g s
@ energy bound:

2
Iy Ulllcgo,me) + 11250 mizey)
2
S H(yovh)Hg + HyOHSG(Q) + HUHil(o,T;m(Q)) = Eo

@ mild™ solution unique, if it exists
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Local existence

Theorem

For every u € L}(0, T; L2(Q)): exists unique maximal mild* solution
y = yu to CWE, i.e., maximal time T* € (0, T]:

y[1€ C([0,T*):€) and y € Lip([0, T*): L**(Q))

and y satisfies mild solution formula on [0, T*).

v

@ in fact: CWE well-posed (—  smooth approximation!)
@ important ingredient: (Strichartz estimate)
1Zlluao, 7in2(0)) S (20, 21) le + [1F 120, 712(02))

for mild solution z of linear WE with data (f, zp, z;) [BSS09]
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Unconditional global existence

Theorem

For every u € L}(0, T;L2(Q2)), the unique local solution y =y, to CWE
exists globally on [0, T| and satisfies

y[1€C([0,T;E) and y € L0, T;L(Q)).

@ standard contradiction: extend solution over maximal time T°
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Unconditional global existence

Theorem

|
For every u € L}(0, T;L2(Q2)), the unique local solution y =y, to CWE

exists globally on [0, T| and satisfies

y[1€C([0,T;E) and y € L0, T;L(Q)).

@ standard contradiction: extend solution over maximal time T°

e observation: t* such that y € L*(t*, T*; L'?(Q)) sufficient:

4 1
Hy5’|L1(t*7T.;L2(Q)) < HyHEw(t*,T.;Le(Q)) Hyuizl(t*v-r-;le(Q))

< energy bound Ey
@ no ||y5||L1(t*’To;L2(Q)) bound from equation (power 5 critical)
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What does not work (but in the subcritical case)

Strichartz estimate:

Iy liage, Terz()) S VEo + 1Pl e o2y
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What does not work (but in the subcritical case)

Strichartz estimate:

Iy liage, Terz()) S VEo + 1Pl e o2y

Holder: (1<p<b)

||y HL1 £, T*:12(Q)) < ”)/HL4(t T*;L12(Q )”y|| (t,T*; L7 p(Q))’

and == <p+1|fF1<p<5 so

5—p

Il 2 B (6, T L7 7 () Sa (T°=1) % Iyllie(e enpna))

< energy bound Ey
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What does not work (but in the subcritical case)

Strichartz estimate:

Iy liage, Terz()) S VEo + 1Pl e o2y

Holder: (1<p<b)

||y HL1 £, T*:12(Q)) < ”)/HL4(t T*;L12(Q )”y|| (t,T*; L7 p(Q))’

and == <p+1|fF1<p<5 so

Wty ot ) S (T5 =8
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What does not work (but in the subcritical case)

Strichartz estimate:

/ . =P -1
HYHL“(t,T';Ll?(Q)) §Q7EO Eo + (T - t) ¢ HyHﬁ4(t7T';L12(Q))

—  exists t*: ||y|lpa(er, To.1.02(q)) bounded!
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What does not work (but in the subcritical case)
Strichartz estimate:
¥llisgeretiz@y S VB + (T* =8 T Y12 1oz
—  exists t*: ||y|lpa(er, To.1.02(q)) bounded!

@ global existence for subcritical nonlinearity 1 < p < 5

@ unfortunate failure for p = 5: lim; 7. ||yHLoo(t7To;L6(Q)) =07
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What does not work (but in the subcritical case)
Strichartz estimate:
¥llisgeretiz@y S VB + (T* =8 T Y12 1oz
—  exists t*: ||y|lpa(er, To.1.02(q)) bounded!
@ global existence for subcritical nonlinearity 1 < p < 5

@ unfortunate failure for p = 5: lim; 7. ||yHLoo(t7To;L6(Q)) =07

Idea:

HYHL“(t,T';LQ(Q)) SVE+ HyHL‘X’(t,T';L6(Q))Hy”i“(t,T';Lm(Q))
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What does not work (but in the subcritical case)

Strichartz estimate:

/ . =P -1
HYHL“(t,T';Ll?(Q)) §Q7EO Eo + (T - t) ¢ HyHﬁ4(t7T';L12(Q))

—  exists t*: ||y|lpa(er, To.1.02(q)) bounded!
@ global existence for subcritical nonlinearity 1 < p < 5

@ unfortunate failure for p = 5: lim; 7. ||yHLoo(t7To;L6(Q)) =07

Idea: (A(t, T*) C (0, T) x Q)
Iyllieseace, 7oy S VEo + Iy lugersae, 7oy 1Y ITani2(ace, 7o)

— 0 as t\/T*
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Proof idea/outline

“One of the problems has to do with the speed of light and
the difficulties involved in trying to exceed it. You can’t. Nothing
travels faster than the speed of light with the possible exception
of bad news, which obeys its own special laws.”

Douglas Adams, Mostly Harmless

H. Meinlschmidt (DCMLN @ FAU) Optimal control of critical wave CIN-PDE, Aug 02 2023 10/21



Proof idea/outline

time-space localize to backwards light cone from (T°,xo):

(s, T*) = {(t,%) €[5, T*] x Q: [x — x0| < T* — ¢t}

WD

H. Meinlschmidt (DCMLN @ FAU) Optimal control of critical wave CIN-PDE, Aug 02 2023 11/21



Proof idea/outline

time-space localize to backwards light cone from (T°,xo):

(s, T*) = {(t,%) €[5, T*] x Q: [x — x0| < T* — ¢t}

Q
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Proof idea/outline

time-space localize to backwards light cone from (T°,xo):

(s, T*) = {(t,%) €[5, T*] x Q: [x — x0| < T* — ¢t}

Tt=T*
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Proof idea/outline

time-space localize to backwards light cone from (T°,xo):

(s, T%6) = {(£:%) € [s, T*] x Qs [x —x0| < T* £ + 5}

Tt=T*
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Proof idea/outline

e bootstrapping: (x0 € Q)

lime 27 ||y lleers (ace, 700y = 0

\
Fto(x0):  [I¥llLsre(acw(xo), 7o:0)) < ©
\
Ja(xo) > 0: t'}"% ¥ liLeers (ace, T+iatx0))) = O
\

Fto(x0), a(x0) > 01 [[¥llLaLi2(a(to(x0), T*ia(x0))) <
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Proof idea/outline

e bootstrapping: (x0 € Q)

lime 27 ||y lleers (ace, 700y = 0

\
Fto(x0):  [I¥llLsre(acw(xo), 7o:0)) < ©
\
Ja(xo) > 0: t'}"% ¥ liLeers (ace, T+iatx0))) = O
\

Fto(x0), a(x0) > 01 [[¥llLaLi2(a(to(x0), T*ia(x0))) <

@ cover/compactness of Q: — It [lylliaes, T2y < o0
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Proof idea/outline

e bootstrapping: (x0 € Q)

lime 7o ||yllLoers (ace, To;0)) = O

\
Fto(x0):  [I¥llLsre(acxo), To:0)) < ©
\
Ja(xo) > 0: t'}"% ¥ lLeeLs (ace, T+iatx0))) = O
\

Fto(x0), a(x0) > 01 [[¥llLaL2(a(to(x0), T*ia(x0))) <

@ cover/compactness of Q: — It [lylliaes, T2y < o0
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Optimal control

min  {(y,u
i (v, u)

st. Yy —Ay+y>=u on (0,T) x Q,
[u(t)]]2 < w(t) on (0, T)

@ objective function
1 2
f(y, U) — EHY(T) - .de2 + ZHyHi“(O,T;LIQ(Q))
B2
+ BllullLro,riaa)) + ?H“Hi%o:;m(m)

e consider 0 < w € LY(0,T), allow: w(t) = 0ast—tc (0,T)
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Existence of optimal controls

e weL0,T) — Usg C L0, T; L2(Q2)) weakly compact
@ mild™ solution ~ weak solution — proof quite standard
Theorem

There exists a global solution (y, t) to the OC problem for the CWE with
y[] € L=(0,T;E) and & € Uag.
@ Ify=0, then y is a (possibly non-unique) weak solution to the CWE
with data o.
e Ify >0, then y € L*(0, T; L'2(Q)) is the unique mild™ solution to
the CWE with data u.

@ keep v > 0 from now on
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Control-to-state operator

@ control-to-state operator S: u — y, well defined
S: LY0, T, 1*(Q))
— {y:y[1€C(0,T]:&)} N L0, T L12(Q) = ¥
and (twice) continuously differentiable,
e derivative S’(u)h given by mild* solution z, to linear WE
7/ —Az+5ylz=h, z[0]=0
e 2nd derivative S8”(u)(hy, h2) given by mild* solution zp,p, to

7" — Az +5y}z 4+ 20y3z4 2, =0, z[0] = 0.
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Optimality conditions

Theorem

|
Let u be a locally optimal control to the OC problem for the CWE. Then
there exists A € || - [0 T:12(0))(T) C L°°(0, T;L3(Q)) such that

/OT(;‘;(t) + BiN(t) + Bau(t), v(t))gdt >0 forall v e T (),

where p is the adjoint state:

(V(y) =

3 Hy”u 0,TiL2(2))

p = S(a)" |57 (va(T) - ya) +w"(ya)] L0, TiL@).

e structure: o € L>°(0, T;L?(Q))if B >0 &  sparsity [CHW16]

IP(t)ll2 < P1 = ©(t) =0 = [B(t)]2 < b1
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Lagrange multiplier

.
L) = )+ [ () ([3(8) 2 = (o) e

Theorem

Let u be locally optimal for the OC problem for the CWE. Then exists
unique Lagrange multiplier i € L>°( A4 UZ) such that

B(t) + BiA(t) + B2u(t) + fi(t) ||fj_l((tg)||2 =0 aeonALUT

with i > 0 and f(t)(||a(t)|2 — w(t)) = 0.

o Ay =[llil=w>0], I:=[[u]<w]
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Lagrange multiplier

.
L) = )+ [ () ([3(8) 2 = (o) e

Theorem

Let u be locally optimal for the OC problem for the CWE. Then exists

unique Lagrange multiplier i € L>°( A4 UZ) such that

B(t) + BiA(t) + B2u(t) + fi(t) ||fj_l((t§)||2 =0 aeonALUT

with i > 0 and f(t)(||a(t)|2 — w(t)) = 0.

o Ay =[|lula=w>0], Z:=1[|t]2<w]
e proof “by hand”: Hahn-Banach theorem in L(A4) (from VI)
o i € L*°(A4L UT) necessary: take || - ||2 norms
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Second order conditions

Theorem (Necessary condition)

Let u € U,q be locally optimal for the OCP of the CWE. Then

02,L(a, fi; v¥) >0 forallve C(i) = {V e T(m): 0.(a; v)) = 0}‘

Theorem (Sufficient condition)

Let B, > 0. Assume that u € U,y satisfies
¢"(a;v?) >0 forallve C(a)\ {0}.

Then u is a local minimum: exist €,0 > Q such that for all u € U,q:

_ —12 ; T
(@) + 5 llu = llao mrzgay < Ar(u) i flu =l 2 7200y <€
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Wrap-up

@ optimal control of a defocusing CWE
@ unique well posed global solutions with additional integrability

@ existence of optimal controls, sparsity-in-time control

e FONC, SONC, SOSC with 8, >0

Read it up: [KM20] (JMPA 2020).
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Wrap-up

@ optimal control of a defocusing CWE
@ unique well posed global solutions with additional integrability
@ existence of optimal controls, sparsity-in-time control

e FONC, SONC, SOSC with 8, >0

Read it up: [KM20] (JMPA 2020).

open:
@ SOSC with 8, =07

@ control explosive (defocusing!) equations by tracking at T? ([AQO5])
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Outlook: Boundary control?

min  {(y,u
(y,u) (> u)
st. y'—Ay+y>=0 on(0,T)xQ,

Oyy =u on (0,T) x 9Q

@ Decompose:
v — Av =0, w" — Aw + (w + v)P =0,
(L), (NLH)
o,v=u o,w =0
o Regularity transfer u+— v in (LI)? Boundary Strichartz estimate?
IMlrorasey S lullx (g X = Lo(0, T;L3(992)))

determines w and/or p in (NLH)!
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Outlook: Boundary control?

vV —Av =0, 7' — Az =",

Transposition

ov=u Duality 0,z=0
@ Interpolate energy estimate + Strichartz for z & transpose:

<
[Vl[Leeomrz@) S ||”‘|Lﬁ(o,T;L9L+6(aQ))

@ Make-a-wish, indirect:

Izl 700) Hf”L%(O,T;L%(Q))

or direct:

[vilLso,miLo@)) < llullxoTon) 7
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Second order considerations

o j() =1"llroTr20) —  directional derivatives j/(T; -) exist

@ critical cone:

C(@) = {v e T(@): F'(@)v+ B (T v) = 0}
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Second order considerations

o j() =1"llroTr20) —  directional derivatives j/(T; -) exist

@ critical cone:
C(@) = {v e T(@): F'(@)v+ B (T v) = 0}
@ nice: F twice cont. differentiable (W(u) = %”yuui“(O,T;le(Q)))
T
F@R = (M3 - [ (3(0) 20720230t

/ 2
+ V" (1) z; + 52||h”L2(o,T;L2(Q))

and h— F"(i)h? weakly lower semicontinuous (Vitali)
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Second order considerations

@ not so nice: j”(T; v?) (and multiplier term) may be infinite:

- , (@), V()5
A CLE [|v(t>||2 ( ol )]dt
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Second order considerations

@ not so nice: j”(T; v?) (and multiplier term) may be infinite:

- , (@), V()5
A CLE [|v(t>||2 ( ol )]dr

—> problem with second order Taylor expansions for j

— rely on directions vi with v =0 on [||z]|2> < 1/k]
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Second order considerations

@ not so nice: j”(T; v?) (and multiplier term) may be infinite:

- , (@), V()5
A CLE [|v(t>||2 ( ol )]dr

—> problem with second order Taylor expansions for j

— rely on directions vi with v =0 on [||z]|2> < 1/k]

@ approximate general direction v by vi, monotone convergence:

0 <j"(wv}) ~j"(w;v?) as k — oo
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Second order necessary conditions

Theorem
Let U € U,q be locally optimal for the OCP of the CWE. Then

L (@, ;v?) >0 forall ve C(n).

@ Taylor expand, use FONC, ... ([CHW16])
0 < Uyz+pv, T+ pv) — Uy, 0) = ...

@ but constraint curvature — T+ pv € U,q in general
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Second order necessary conditions

Theorem
Let u € U,q be locally optimal for the OCP of the CWE. Then

L (@, ;v?) >0 forall v e C(n).

@ Taylor expand, use FONC, ... ([CHW16])

0 < Uya+pv, 0+ pv) —Uya, ) = ...
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Second order necessary conditions

Theorem
Let u € U,q be locally optimal for the OCP of the CWE. Then

L (@, ;v?) >0 forall v e C(n).

e Taylor expand, use FONC, ... ([CHW16])
0 < l(yu,» tp) = Uya, 0) = ...

@ construct continuous nonlinear path p — u, € U,q with

lim u, =10, dipup(O) =v

@ second stage approx. vx — v — Taylor for j (v ¢ C(u)!)
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Second order sufficient conditions

Theorem

Let B> > 0. Assume that o € U,y satisfies
¢"(z;v?) >0 forallve C(a)\ {0}.

Then @ is a local minimum: exist €, > 0 such that

0 _12
(1) + 5”“ - “HL2(0,T;L2(Q)) < {:(v)

for all u € Usg with ||u —

0| 0,1 12(02)) <

@ standard proof by contradiction (modulo cutoff/Taylor for j)

e good L2(0, T;L2(Q)) optimality —  stability results
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A neat thing

/()T/Qb(t)yg(t)zf(t) dxdt for h, — hin L}(0,T;L3(Q))

e obtain: S'(0)hx = zx = z=S(T)hin Y
@ z, bounded in L5(0, T; L°(Q))
e compactness: S'(T)hy, =z, — z = S'(u)h a.e. on (0, T) x Q
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A neat thing

/()T/Qb(t)yg(t)zf(t) dxdt for h, — hin L}(0,T;L3(Q))

< 3 2
= ||pHL°°(O7T;L2(Q))Hyf’||L5(O,T;L1°(Q))szHL5(0,T;L10(Q))

e obtain: S'(0)hy = zx = z=S(T)hin Y
@ z, bounded in L5(0, T; L}°(Q))
e compactness: S'(T)hy, =z, — z = S'(u)h a.e. on (0, T) x Q

no integrable majorant!
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A neat thing

/E/ p(t)y2(t)z2(t)dxdt for hy — hin L1(0,T;L3(Q))

< 3 2
= HPHLOO(O,T;L?(Q))||y‘_’HL5(Et;L10(EX))||Zk||L5(O,T;L1°(Q))

e obtain: S'(0)hx = zx =~ z=S"(T)hin Y
@ z, bounded in L5(0, T; L}°(Q))

e compactness: S'(t)hy, = zx, — z = S'(u)h a.e. on (0, T) x Q

no integrable majorant!
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A neat thing

/E/ p(t)y2(t)z2(t)dxdt for hy — hin L1(0,T;L3(Q))

3 |E¢ X Ex|]—0 . .
S ||)/EHL5(EHL10(EX)) ' 0 uniformly in k

e obtain: S'()hx = zx — z=S'(u)hin Y
@ z, bounded in L5(0, T; L°(Q))

e compactness: S'(u)hy, = zx, - z = S'(u)h a.e. on (0, T) x Q
no integrable majorant ... but uniform integrability!

—  Vitali convergence theorem allows limit passage as hy — h
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