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Supervised Learning: Computational practice
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Why does it work? Universal Approximation

N. Wiener, Tauberian Theorems,
Annals of Mathematics, 33 (1) (1932), 1-100.

f(x) ⇠
KX

j=1

wjG (x + bj)

G. Cybenko, Approximation by superpositions
of a sigmoidal function,
Mathematics of Control, Signals and Systems,
(1989), 2: 303-314.

limx!�1 �(x) = 0, limx!+1 �(x) = 1

f(x) ⇠
KX

j=1

wj�(aj · x + bj)
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Cybernetics, Norbert Wiener, 1948
The science of control and communication in animals and machines

The linear finite d-dimensional system

x 0(t) = Ax(t) + Bu(t), t 2 (0,T ); x(0) = x0 (1)

with m << d controls.
A 2 Md⇥d , B 2 Md⇥m and x0 2 Rn; x : [0,T ] �! Rd represents the state and
u : [0,T ] �! Rm the control.

Can we control d states with only m controls, even if n � m?

Theorem

(1958, Rudolf E. Kálmán) System (1) is controllable i↵

rank [B , AB , · · · ,Ad�1B] = d .
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ResNets / Neural ODEs in action

ẋ(t) = w(t) �(a(t) · x(t) + b(t))

1
1[1] K. He, X. Zhang, S. Ren, J. Sun, 2016: Deep residual learning for image recognition.

[2] E. Weinan, 2017: A proposal on machine learning via dynamical systems. [3] R. Chen, Y.
Rubanova, J. Bettencourt, D. Duvenaud, 2018. [4] E. Sontag, H. Sussmann, 1997.
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NN version of variational PDEs
Warning: Lack of convexity!
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u = 0 on @⌦

u 2 H1
0 (⌦) :

ˆ
⌦
ru ·r'dx =

ˆ
⌦
f 'dx 8' 2 H1

0 (⌦)

u 2 H1
0 (⌦) : minv2H1

0 (⌦)


1

2

ˆ
⌦
|rv |2dx �

ˆ
⌦
fvdx

�

FEM approximation (Galerkin): Replace the search and test infinite-
dimensional space H

1
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The NN version

What can NN do?
Replace Vh by a NN finite-dimensional manifold MK:

MK =

8
<

:v(x) =
KX

j=1

wj�(aj · x + bj)

9
=

;

dim(MK ) = K (d + 2), d = dim(⌦)

Then

uK 2 MK : minv2MK
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2

ˆ
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ˆ
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�

And letting K ! 1... one can develop a �-convergence like theory. 3

But the problem of minimising Dirichlet’s energy in MK is non-convex!

3(1) W. E & B. Yu, (2017). The Deep Ritz method: A deep learning-based numerical algorithm
for solving variational problems.
(2) Luo, T. & Yang, H., (2020). Two-layer neural networks for partial di↵erential equations:
Optimization and generalization theory.
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Mean-field relaxation Back to 1-dimensions...
[K. Liu & E. Zuazua, Representation and regression problems in NN: Relaxation, Generalisation
and Numerics, M3AS, 2025.]

Shallow NN

The original Shallow NN writes:

KX

j=1

wj�(aj · x + bj ),

where (wj , aj , bj ) 2 R⇥ Rd ⇥ R for all j .

As the number of neurons K tends to infinity,
and gets denser, the ansatz evolves into its re-
laxed/convexified version.

Mean-field shallow NN

The mean-field shallow NN writes:

vµ(x) =

ˆ
Rd+1

�(a · x + b)dµ(a, b),

where µ 2 M(Rd+1).
The outcome is linear with respect to µ!

This leads to the minimisation problem

min
µ2M


1

2

ˆ
⌦
|rvµ|2dx �

ˆ
⌦
fvµdx

�
.

Warning!

Loss of Hilbertian structure

Loss of coercivity.
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Loss of coercivity even in finite-d

Consider the minimization of the Dirichlet energy over the 2-neuron Wiener ansatz:

M2 = {v(x) = w1G (x � b1) + w2G (x � b2)} .

This corresponds to a 2(d + 1)-dimensional ansatz.

Coercivity can be rephrased as follows: Does the H1 bound of v imply a bound on
the parameters ((w1,b1), (w2,b2))?

And the answer is NO!!!!

v✏ =
1

✏
[G (x � ✏)� G (x + ✏)}

generates a “wave packet” in which two neurons collapse or condensate so that
v✏ is bounded in H1 but the corresponding coe�cients blow-up

|b1| = |b2| =
1

✏
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HYCO: A Hybrid-Cooperative Strategy for Data-Driven
PDE Model Learning
joint work with Lorenzo Liverani and Thys Steynberg

Enrique Zuazua (PDE&) ML 40 / 44





Li–Yau estimate
Joint work with Kang Liu, Dijon

If u � 0 solves the N-dimensional heat equation,

ut ��u = 0 in RN ⇥ [0,1)

then

� log(u) � �N

2t
.

The inequality is sharp and is saturated by the Gaussian heat kernel G .

The bound deteriorates as N ! 1, an expression of the intrinsic di�culties
of understanding heat di↵usion in infinite-dimensional settings.

It guarantess that U = log(u) (which solves the viscous Hamiton-Jacobi equa-
tion) is semiconcave, i.e.,

�U � �N

2t
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Given a dataset {xi}Ii=1 sampled from an unknown distribution, we define the cor-
responding empirical measure

u0(x) =
1

I

IX

i=1

�(x � xi ).

This leads to the solution

u(x , t) =
1

I

IX

i=1

G (x � xi , t),

which di↵uses the information of the initial empirical measure throught RN⇥[0,1).

Generative di↵usion models aim to reverse the di↵usion process, thereby generating
new samples from the same distribution.

However, this backward process is severely ill-posed, which paradoxically underpins
their strong generative capacity.
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The backward heat equation can be rewritten as

ut+�u � 2�u = ut +�u � 2div (u
ru

u
) = ut +�u � 2div (ur log(u)) = 0

Withthe score function
s(x , t) = r log(u),

it takes the form of a convection-di↵usion or Fokker–Planck model:

ut+�u � 2div (s(x , t)u) = 0

which, unlike the original backward heat equation, is well-posed backward in time
thanks to the Li–Yau inequality:

div s(x , t) � �N

2t
.
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Deterministic versus stochastic score dynamics
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Stopping time regulation
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