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Optimal control Data Assimilation

Problem setting: Controlled ODE

dX; = b(X;)dt + G(X;)U.dt, Xo = a. J

Discounted infinite horizon cost function:

JU) = /OOC eVt (C(Xt) + %Ut\2) dt. J

Finite horizon cost function:

JU) = /OT (c(xt) — %UtQ) dt + f(X7). J
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Pontryagin Minimum Principle Data Assimilation

Pontryagin Minimum (Maximum) Principle (PMP). Controlled ODE

Xe = b(X;) + G(Xe) U, (1)

initial condition Xy = a.

Hamiltonian. Co-states (momenta) P; € R%,

H(Xe, Pe, U) = P {B(Xe) + G(Xe)U} + e(Xe) + 5 U, J

Optimal control. Minimise Hamiltonian w.r.t. U:

Uy = arg min H(X., Py, U) = —G(X;)! Ps. J
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Uncertainty quantification Data Assimilation

Sources of uncertainty:

@ Initial conditions: Xy = a ~ pp.

@ Model errors:

Xe = b(X¢) + G(Xe) Uy + 2B,

B; Brownian motion.

@ Partial and noisy observations Y%:

W; Brownian motion.

Digital Twin Challenge: Combine stochastic optimal control and data assimilation.
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Data Assimilation

McKean—Pontryagin MP |

Augmented HJB equation: Value function v;(x) satisfies
1 1
—Opve = b Vyve + ¢ — §HGTVthH2 + 5V (Z6),
0= VXVt — ¢t'

Eulerian action functional: Lagrange multipliers p:, (5;

-
1
S(v,p, ) :—/ / {8tvt+Vth-b+c— EHGTVth||2}/)tdxdt
0 JR

T 1
— / / {BtT{VXVt - th} + _vx ’ (qut) } /)thdt
0 Rdx 2

+ {(vr = f)pr — vopo} dx,
Rdx

Fokker—Planck equation: 6S/jv =0 —
Opt = =V - (/)t (b - GGTvat + Bt>)a Po — Po-
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McKean—Pontryagin MP ||

Lagrangian particle perspective: Particles X;(a) such that Xy(a) = a, a ~ pg and X; ~ pq, i.e.

/]Rdx g(x) pe ()l :/ g(X:(a)) pola)da.

R9x

Conversion:

-
7= —/ Orve(x) pe(x)dx dt
0 JR*
T
= —/ Orve(Xe(a)) po(a)dadt
0 JR%

- /0 /Rdx Pe(a) - Xe(a) po(a)dadt — / (vr(X7(a)) — vo(Xo(a))) po(a)da,

R9x

with co-state/momentum:
Pt(a) = VXVt(Xt(a)).
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Data Assimilation

McKean—Pontryagin MP |l|

McKean—Pontryagin: Hamiltonian action functional

S(X,P,B,U) :/ {/T ('Dt'Xt_ H(Xt,PuBuUtD dt — f(XT)}POda J
dy 0

R

with Hamiltonian density

H(Xe, Pes e, U) = PE{6(Xe) + G(X)U} + c(X,) + 2| U]

+ %vx ’ (Z(/bt(Xt)) + BtT{'Dt - ¢t(Xt)}'

Closed loop optimal control:
U = Up(Xe) i= —G(X) T Py (2)
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Data Assimilation

McKean—Pontryagin MP |V

Constrained Hamiltonian equations of motion:
Xt = VpH(Xty Pt?ﬂh Ut)
= b(X;) — G(Xe)G(X)TP: + B:(Xe),
—Pt = VXH(Xt7 Pt7ﬁt7 Ut)
1 1
= (Dxb(Xt))TPt N vaHG(Xt)TPtH2 -+ VXC(Xt) + vavx ) (Z¢t(Xt)) o (DX¢t(Xt))T5t(Xt)7

0= VBH(Xta 'Dtaﬁt) Ut)
— Pt — th(Xt)-

Boundary conditions: a ~ py,

Xo(a) = a,
PT(a) = fo(XT(a))
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McKean—Pontryagin MP V

Theorem: Let v¢(x) denote the solution of the HJB equation for the stochastic optimal
control problem, i.e.

1 1
—Oive = b Vive + 5V (EVive) 4+ ¢ — §||GVth||2
Then, for any choice of the gauge variable (3; and 2 ~ py,

dt(x) = Vieve(x).

Closed loop optimal control:

U(x) = —G(X)T¢t(X).
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Infinite horizon optimal control Data Assimilation

Infinite horizon discounted cost: v > 0 and —Pt — ﬁt
Xt v H(Xh I_It7 Bta Ut)
nt = —yMy + VH(X:, Mg, By, Ur) + 2Dx¢t(Xt)Xt7
0= I_It — qbt(Xt)a
Ut — —G(Xt)Tﬂt.

Theorem. Both equations are integrated forward in time
Ilm ¢t ¢00

with ¢ = ViV and v, solves the stationary HJB equation

1 1
0= —YVoo + b VyVeo + Cc— EHGTVXVoon + 5V (Vi Vo).
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Data Assimilation

Ensemble Kalman filter (EnKF)

Mean-field EnKF formulation: For given control U,

: 1
Xt p— b(Xt) —|— G(Xt)Ut — §va |Og pt(Xt) + y

p: the law of X; and observations

Expectation values: X;(a) = a with labels/ICs 2 ~ pg
m? = EIAOX) = [ h6) pux)ax = [ AOX(2)) poa)d

CX" the covariance matrix of X; and h(X;).
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Data Assimilation

Extension to POMDP & EnKF

McKean—Pontryagin equations: For all , € >0,

X = b(X:) + G(X)U; + Be(Xy),
ely = =AMy + Vo H(Xe, Mg, U Be) + (1 + €)Detbe(Xe) Xe,
0 = 7M(Xt) - I_It7

U = —/Rdx G(X(a))'N¢(a) po(a)da

1
Bt(Xt) = —§ZVX |Og pt(Xt) +

solved forward and continuously in time in both X; and [1;!
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Example: Inverted pendulum
e

4 Controlled trajectory
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08 Estimation error (angle)
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Example: Controlled Lorenz-63 Data Assimilation

Controlled Lorenz-63: x = (x,y,z)! € R?

| oy —x)
Xt = b(X¢) + GU;, b(x)=| —=xz+rx—y |,
Xy — bz
with G = (1,0,0)' and o = 10, r = 28, and b = 8/3.
Partial observations:
: T /X
vi=( 2t OIWe ) pe
Y]+ 0.1W¥

Running cost: Keep x; > 0
c(x) = 2500 (min(x, 0))°.

Implementation details: M =4, v =10, . =0.5/, e = 1.
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Example: Controlled Lorenz-63 Data Assimilation

Restricted control: |U;| < 100

Lorenz-63 control 12 ‘ ‘ ‘ E§timati‘on err9r
: :
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Example: Controlled Lorenz-63 Data Assimilation

Restricted control: |U;| < 50
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Closing remarks Data Assimilation

@ Extension of Pontryagin minimum principle to SDEs using interacting particle systems
instead of forward-backward SDEs.

@ Forward-in-time formulation for infinite horizon control problems.
@ First steps towards online digital twins/POMDP via combination with the EnKF.
@ Implemented for inverted pendulum and controlled Lorenz-63.

@ Extension to spatio-temporal processes using data assimilation hacks (e.g. EnKF
implementations for numerical weather prediction)
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