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Operator Learning: from functions to operators

Machine Learning learns functions f : R” — R”. Operator Learning aims to learn
mappings between functions, i.e. operators G : X — Y, with

e X aspace of input functionsu : D — R.
e Y aspace of output functions G[u] : U — R.

Why it matters?

e Many problems in science and engineering are governed by function-to-function laws.

e Classical numerical methods can approximate one particular case; OL generalizes across
families of solutions, enabling real-time computations without having to solve the equation
every time.

Glal(x) = z(x), where G[xo](t) = u(t), where

Loz=f xeQCR x(t) = Ax(t) + Bu(t) te (0, T)
Zloa =9 Xx(0) = xo0, x(T) =xr

maps coefficients a(x) to solutions z(x). maps input data xo to controls u(t).
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Operator Learning for Digital Twins

A Digital Twin needs a fast and reliable way to predict how a system will evolve under changing
conditions. OL can learn the entire mapping from inputs to outputs of a physical system, allowing
the twin to update and respond in real time without re-solving a PDE or a large-scale model.

Example: in laser powder-bed fusion addi-
tive manufacturing, a DT can use a neural-
operator surrogate to map laser parameters
to thermal/melt-pool fields, enabling real-

time optimization of the process and defect DEEP NEURAL OPERATOR ENABLED DIGITAL TWIN
mInImIZatIOﬂ MODELING FOR ADDITIVE MANUFACTURING
NING Lit™*, Xuxiao L', Manos R. RaJANNA™', EDwWARD W. REUTZEL

BRADY SAWYER™, PRAHALADA RAO™, Jivm Lua™!, NaM PHAN?, AND YUE




Operator Learning approaches

Method

Fourier Neural Oper-
ator (FNO)

Physics-Informed
Neural Operator
(PINO)

General Neural Op-
erator Transformer
(GNOT)

Deep Operator Net-
work (DeepONet)

Core Idea

Learns the integral kernel of the
operator in Fourier space.

Incorporates PDE residuals into
the loss function.

Uses self-attention to capture
long-range dependencies.

Learns operators via a separable
branch-trunk architecture that
maps input functions to outputs
at any evaluation point.

Embeds neural ODE dynamics
within operator learning.
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Deep Operator Network (DeepONet)
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Where does this architecture come from?

Compared with other existing operator learning methodologies, DeepONet fulfills a proven
Universal Approximation (UA) principle.

Lu, Jin, Pang, Zhang & Karniadakis, Learning nonlinear operators via deeponet based on the universal approximation theorem of operators,
Nat. Mach. Intell., 2021.

Lanthaler, Mishra & Karniadakis, Error estimates for DeepONets: a deep learning framework in infinite dimensions, Trans. Math. Appl. 2022

Method Universal Appr. Comments

DeepONet Yes Proven universal approximation theorem for
continuous nonlinear operators G : X — .

NODE-ONet Yes Improvement of DeepONet

FNO No full universality result; preliminary anal-

yses show convergence and stability under
certain regularity assumptions.

PINO No No known universal approximation result
GNOT No No known universal approximation result
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Where does this architecture come from?

If G is an operator between two function spaces, from the UA principle for functions we get

N
Gluly) ~ > cr(GLul) o (Wi - y + ).

k=1

Cybenko, Approximation by superpositions of a sigmoidal function, Math. Control Signals Syst., 1989

Leshno, Lin, Pinkus & Schocken, Multilayer feedforward networks with a nonpolynomial activation function can approximate any function,
Neural Netw., 1993.

Theorem (Universal Approximation principle for operators)

Suppose that o € C*°(R) is not a polynomial, X is a Banach space, K; C X, K> C RY
and V C C(Ki) are compact sets, and G : V — C(K>) is a continuous operator. Then,
forany e > O there exist positive integers N, M and P, sensor points {Xj}fil C Kiand
parameters {(cf, &F, wf, We, m)} C R xR x R x R x Rforalli € [N].j € [M] and
k € [P] such that

M
forallu € vV
clo | Dogueg) +uf | o(we-y+m)| <o gy ek,

J=1

gluw) -

N
=1

P
k=1 i

Chen & Chen, Universal approximation to nonlinear operators by neural networks with arbitrary activation functions and its application to
dynamical systems, |EEE Trans. Neural Netw., 1995.
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Error analysis

Error taxonomy

The total error Eo; between G and its DeepONet approximation A(0; (u,y)) can be
decomposed as

Etot = Eapprox + Eoptim + Egener

Component Description Controlled by

Eapprox Approximation error: intrinsic  Universal Approximation Theorem
limitation of the architecture

Eoptim Optimization error: imperfect  Training algorithm convergence
minimization of the empirical
loss

Egener Generalization error: coming Data sampling measure p; dataset size N

from learning the operator from
a finite sample instead of know-
ing it everywhere
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Error analysis - generalization

Definition (Learning setting for DeepONet)

Let X < L?(D)and Y — L?(U) be Banach spaces of real-valued functions defined on
sets D and U. A learning setting for DeepONet is a pair (11, G), where u specifies how
input functions are sampled and G defines the corresponding outputs, such that

1. Sampling measure: p € P,(X) is a probability measure on X with finite second
moments;

2. Regularity of support: there exists a Borel set A C & of continuous functions
such that p(A) =1,

3. Target operator: G : X — Y is a Borel measurable operator with finite energy:
1G24,y < o0

Sampling measure: input functions are drawn from a well-defined probability law with finite
energy, ensuring the learning problem is statistically meaningful.

Regularity of support: guarantees that inputs can be represented by their sensor values, making
the operator learnable from discrete data.

Target operator: ensures the outputs have finite variance, so the expected loss and the general-
ization error are well-defined in L2(X x U; du).

In this framework, the generalization error scales as Eqgeper ~ N~ /4

Lanthaler, Mishra & Karniadakis, Error estimates for DeepONets: a deep learning framework in infinite dimensions, Trans. Math. Appl. 2022.
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DEEPONET IN CONTROL THE-
ORY




Applications of DeepONet in control theory

Representative studies illustrating how DeepONet has been deployed for different classes of

control problems

Control framework DeepONet role

Learn initial-datum-to-control
maps

Learn backstepping kernels or
boundary-to-state maps

ODE and PDE control

Adaptive control Learn adaptive gain or
parameter-to-control oper-
ators

Model Predictive  Replace dynamics in MPC with

Control learned operators

Optimal control and
inverse problems

Learn HJB or inverse operators
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LQR stabilization via Riccati

Control problem

Asymptotic stabilization: x(t) — Oast — +oo

. /T T
X(t) = AX(t) + Bu(t) t>0 LQR: J(u) = /o (xTox+u"Ru) at
x(0) = xo Optimal control: u(t) = —R~'BT Px(t)
Riccati: ATP 4+ PA— PBR™!BTP+Q =0
0=<QeR"*Nand0 < P e RVM
BeRVM [ cRrM Required: (A, B) stabilizable
(A, Q"/?) detectable

x,xo € RN A eRVN

Use DeepONet to learn the continuous operator

g . RNXN X RNXM % RNXN x RNXM N RNXN
(A,B,Q,R) - P

Chen & Biccari, Learning Algebraic Riccati Equation solutions via DeepONet, in preparation.
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LQR stabilization via Riccati

Theorem

Assume the standard LQR hypotheses (A, B) stabilizable and (A, @"/?) detectable, so
the true Riccati solution P exists and yields the Hurwitz matrix Asp = A — BR™IBTP.
Let P = G(A, B) be the output of DeepONet. If

Amin (Q + PBR™BT P)

Pop|<c i 7 =
1P =Pl < =5 par-187]

then A, = A — BR™1BT Pis Hurwitz.
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LQR stabilization via Riccati

Brunovsky canonical form

If (A, B) is controllable, there exists T € RN*N nonsingular st. (A, Be) = (TIAT, T1B)
has block-diagonal structure

Ac = diag(A1, . . .,As), Bc =diag(By,. .., Bs)

o] 1 ] - 0 (0]
o] 0] 1 - 0
A= . . X X . , Bi= .
. . . - . 0
ap Q- A 1
Ni+No+4...+Ns=N

Known facts

e Each pair (A;, B;) controls a chain of N; state variables.
e The Brunovsky form is unique (up to reordering of blocks) and represents all possible

controllable dynamics of dimension N.
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Numerical experiments in dimension N = 3

o 1 o o 1 o0 as O O
Ac = 0] (0] 1 Ac = an dp 0] Ac = 0] [eFF) )

ap (ef) asz 0 0 [el] (¢} 0} [ekck)

o o O 1 0 O
B.=10 B.=|1 0O B.=10 1 0

1 o 1 o O 1

The dataset is built sampling matrices A in the three possible Brunovsky configurations, so to
cover in each case the following possible situations

. Ac fully stable: all the eigenvalues with negative real part.
. Ac unstable: at least one eigenvalue with positive real part.
. Ac marginal: some but not all the eigenvalues with zero real part.

AW N -

. Ac fully periodic: all the eigenvalues with zero real part.

When A is fully stable, the dynamics does not need a control u to decay to zero. But
since the Riccati operator G(A, B) — P is defined and continuous for all stabilizable

systems, including fully stable matrices in the dataset is necessary. Learning the
operator's global behavior requires sampling all possible dynamics to capture the full
smooth domain of the mapping.
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Numerical experiments in dimension N = 3

Riccati solution P (left) anf P (right) computed for 2800 controllable test pairs (A, B).

e Stable e Fully stable
X Partially stable (stable mode)

X Partially stable (unstable mode)

-35 -30 -25 -20 -15 -1.0 -05 0.0

-7 -6 -5 -4 -3 -2 -1 o
The true solution P stabilizes all the PCPUtime APCPUtime Speedup 1
2800 dynamics in the test dataset. The 11.3ms 0.76ms 14 .88%

NO solution P stabilizes 99.89% of the
dynamics in the test dataset.
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Stabilization of stochastic PDE-ODE systems

X(t) = AX(t) + Bz(0, t) teR"
X(0) = Xo
Oqw(x,t) = —AT()OW(x, t) + T (Ow(x, t) + =77 (H)z(x,t)  (x,t) € (0,1) x R
Bez(x,t) = A~ (1)dez(x, t) + = H(O)w(x, t) + =~ (£)z(x, t) (x,t) € (0,1) x RT
w(0,t) = Q(t)z(O, t) + CX(t) teR"
z(1,t) = R(t)w(0, t) + U(t) teR"
w(x,0) = wo, z(x,0) = zo x € (0,1)
States Stochastic parameters Control
+ 3x3 - ++ 3x3
X eR? /\Jf—e]R 3x1 /\—+E]R 1x3 ):__ER
ST ER ¥"TER X" ER UeR

(w,2) eR® xR 0 e R3*1 R e RIX3

7= {/\+,/\—,z++,z+—,>:—+,z——,o,R}

Compute U(t) : RT — R stabilizing the dynamics:

E[p(t)] < cie”p(0), p(t) = X(O)F + /0 (1wt I + Lzt D)

Lyu, Biccari, Wang. Robust stabilization of hyperbolic PDE-ODE systems via Neural Operator-approximated gain kernels, Preprint, 2025.
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Backstepping

For the nominal system with parameters . = {Ag, [ e e N N e Ro}

U0 = ~Row(t,6)+ [ (k{1 (e, + N(L )2(6.)) e+ (X0

A Kx(x, €) = Ke 0, NG + Nx, )5 +K(x, ) (B8 = £571s) - x € (0,1),€ € (0,%)
NG Ni(x, €) + NS Ne(x, £) = K(x, )55~ x € (0,1),€ € (0,x)
K(x, X) (A5|3 4 /\g) S x € (0,1)
A5 N(x,0) — K(x, 0)AF Qo = ~(x)B x € (0,1)
Ay ' (X) = v(X)A — Z5 7 y(x) — K(x,0)A{C x € (0,1)

Assume that (A, B) are stabilizable. Then the control U built by backstepping stabilizes
the nominal dynamics.
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Backstepping with DeepONet

Solving numerically the backstepping kernel equations is most often computationally
expensive, especially over highly-refined meshes. To overcome this, we can leverage
DeepONet to learn the mapping G : % — (K, N, ) from system parameters to the
kernels.

Theorem

Let G be the DeepONet approximation of the backstepping kernels map G, and (R, N, )
the associated backstepping kernels. Then, if

]E[Hs(t) —son] <e, forallt>0,S€.#andSy € H
the control
~ 1, ~
00) = —Row(t.9 + [ (Rt ywle.t) + (L (e, ) o+ FWX(O)

stabilizes the stochastic dynamics.
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Numerical experiments - simulations’ configuration

1 0
ODE dynamics: A = © 2 , B= 2 ,C=10 O
-2 0 1 o 0

Deterministic parameters:
1 0 0 03 O o] 0.5
Af=10 101 O t=]0 03 O tm=|-01
0 0 0.98 0

za* =[03 -02 01 £~ =03, Qo = [1.

Stochastic parameter A~ , with nominal value Aj = 1and five possible values

AT =08, Ay =1 A7 =11, A] =12, Aj =15,

with transition probabilities P;( o, t) computed by solving the Kolmogorov equation

r
OIP,‘/ = —Cj(t)PU' —+ Z P/k"'kj(t)v

0 ifi=j
= y 20 ifi ¢ {1,5}
Pi(e,0) =1, Pjle,e) =0forij  m(t)=44 ifi € {2,3,4},j € {1,5}
" —3/: . 2 .
o) = 3 () 1o(1+ 2cos (10 (I+5j)t)) ifi )€ {2,3,4}

A= 20/ 24



Numerical experiments - simulation results

wi(x, t) wa(x, t) wi(x, t)

o
0 20 4 4 10

time

1.0
os 1 ;1 dx Analytical kernel  NO Kernel
2 CPU time CPU time
0.0 0.1 0.038 0.021
—05 0.01 3.104 0.023
0.005 11.805 0.025
e 0.001 261.5 0.036

Speedup 1

1.81x

135x

472x
7263x

time.
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CONCLUSIONS



Critical conclusions on DeepONet

Advantages

Rigorous operator approximation framework. DeepONet is based on UA for operators, offering
a solid theoretical foundation absent in most other OL architectures.

Fast inference. Once trained, DeepONet replaces iterative or PDE-based solvers with instanta-
neous inference, which is valuable in control and Digital Twins.

Limitations

Data-hungry. DeepONet requires large, rich datasets due to its N~/4 generalization rate.

High training cost. Despite efficient inference, training remains computationally demanding.

Scalability. Once we have a trained model for d-dimensional problems, can we adapt it easily to
dimension d + 1?

Take-home message

DeepONet offers a rigorous UA guarantee, but its rigid architecture can limit flexibility.
Other architectures, such as GNOT, may have an enhanced flexibility but at the cost of
higher computational and memory demands.

How can we integrate these complementary strengths (rigorous theory, physics, scala-
bility...) instead of relying on a single architecture for all tasks?
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