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 PT ES under delays

 PT ES under PDEs



Extremum Seeking (1922)

6(t) /\ FO®)

t |=f'(6(1)
J —=¢

perturbation
a sin(wt)



[36 Aot wzz.J REVUE GENERALE DE L'ELECTRICITE 275

DUSTRIEILILIE

_ SECTION TN

Sur I'électrification des chemins de fer au moyen
de courants alternatifs de fréquence élevée

Une légére modification a un dispositif permettant la transformation d'un courant continu en
courant alternatif de fréquence élevée, décrit dans la « R. G. E. » du 19 aoiit 1922, t. X1I, p. 259-
261, a permis a M. Maurice Leblanc d’envisager I'alimentation d’une ligne de transmission
d’énergie pour la traction par l'électricité, le récepteur d’énergie électrique n’avant aucun point
de contact avec la ligne de transmission. Outre I’avantage qui consiste a supprimer les contacts
9lissants, signalons que les courants induits dans les lignes télégraphiques et télépho-
niques seraient sans actions sur leurs récepteurs, a cause. de le fraadc Jréquerce La decorip-

‘ ésentée a la séance du 17 juillet 1922 de

> ce nouveau dispositif a fait l'objet d'une note présentée
B kN D B Ce Iy i Ot . . 3 g
démie des Sciences, que nous reproduisons ci-aprés.
vé'#“oduction. — Il est difficile d’alimenter, un cifique égal a 2 et la rigidité ¢lectrostatique égale a
le licule animé d'une grande vitesse, par des couranls 400000 v : cm.
S Infenses au moyen d'un contact glissant. En éle- Ces tubes sont interrompus de distance en distance

\‘ill . 8L . . . . » . \ ) . . » Ay
fh:‘}..le_ur tension, on diminuait leur intensité et cela  (fig. 1) et chacun d’eux est divisé en troncons de méme
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entirely
electromechanical!

air-core transformer/capacitor
with inductance varied by air-gap
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air-core transformer/capacitor
with inductance varied by air-gap


Maurice Leblanc (1857-1923)

Inventor & Industrialist
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Maurice Leblanc (1857-1923)

Inventor & Industrialist

Contemporary to Robert Bosch and Tesla
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Maurice Leblanc (1857-1923)

Inventor & Industrialist

* Electric railway

* Television system

* Induction motors/alternators
 Centrifugal compressors

* Steam jet refrigeration
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Maurice Leblanc (1857-1923)

Prix Poncelet, French Acad. Sciences

(Boussinesq, Darboux, Cartan, Cosserat, Fréchet, Fredholm, Goursat,
Hadamard, Laguerre, Laurent, Lebesgue, Levy, Liouville, Picard, Poincaré)
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ES re-awakening

Stability proved in 1997 (MK & Wang)



ES re-awakening

Stability proved in 1997 (MK & Wang)

Torrent of advances: >2,000 papers per year



Generators of Extreme Ultraviolet Light
for photolithography in semiconductor manufacturing

complete wafer scanner ($100M)

IDEA:
Moore’s law (1965) evaporation of liquid tin (Sn, 230° C)
exceeded physical limit of lasers and re-condensation generates light of

an order of magnitude smaller wavelength



Frihnauf et al (2013)

mirror (y)
- stepper motors

COLLECTOR

lens (2)
piezos

Z-aXIS

.11, “rapid fire” of tin droplets
- (50,000/sec)

2013 density increase > 200x

May 2021: 2 nm chip!

DROPLET GENERATOR

IBM e Intel ¢ Samsung ¢ TSMC
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2022, SIAM: (Tiago Roux Oliveira) + MK
Extremum Seeking through(Delays and PDEs)
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Extremum Seeking through Delays and PDEs
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Basic PT-ES (Static Map)



Gain with unlimited growth

Blowup (at t = tp + T) function
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Gain with unlimited growth

Blowup (at t = tp + T) function

Dynamics of the blowup function
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Basic PT-ES

y(t) =y* + 5(0(t) - 6)?

0 ' Y(t, 1)

>
®w |
>
D
—~
u&k
=
N—
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“Chirpy” sinusoid perturbations

@i - sine whose frequency grows:
S(t, p) = asin (wput)

2
M(t,p) = - sin (wpt)
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Delay-free

0 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40

Time([s]
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Theorem

Consider the PT-ES system with 6 = § — * and the -transforms

, L€ [to,-)
, TE€ [to,.)
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Theorem
Consider the PT-ES system with 6 = § — * and the -/contraction transforms

- oD

T
t=(to+T)—, et,.
(h+ D) 7€ [0 @)

Then 3w* > 0 s.t. Yo > w*, the error 6 (r) = 0 (%) — 6* has a unique PT stable sol'n

in t-domain, 0" (tu(t)), where ™ (7) is the unique exp. stable periodic sol’n in r of period
1 = 27/ w satisfying

107(7)| < 0(1/w), Vo>t
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Theorem

Consider the PT-ES system with 6 = § — 0* and the dilation/contraction transforms

T=tu(t), te[to,to+T)

T
t=(to+T)——, 1€ [t
(to )T+r T € [ty, o)

Then 3w* > 0 s.t. Yo > *, the error °(7) = § (T(;—:f’)) — 0" has a unique PT stable sol'n

in t-domain, 0" (tu(t)), where ™ (7) is the unique exp. stable periodic sol’n in r of period
Il = 27/ w satisfying

10%(7)| < O(1/w),  Vr > b.
Furthermore,

9 — = T —_0*12 = 2 2
e (0 = | = s | 6E) =61 = @il 1w
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PT Source Seeking



Velimir Todorovski

TU Munich
(and FAU-Erlangen)
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(and FAU-Erlangen)


PT Seeking of a (Possibly Repulsive) Source

S/ 71 "Source
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PT Seeking of a (Possibly GEREIENS) Source

Unicycle Dynamics:

. cos(0)

- @ o)
unknown

6=u

y=F(x)
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PT Source Seeker Design t € [to, to+ )

ui
Vo . cos(0)
%x_EVF(x)+u1 sin(G)] x F(x) Y yss-l—l
[75) 0= uz
Ly —2)
u
w

Time-Varying Gain: K(E)E=N(1=5)i)
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PT Source Seeker Design t € [to,to+ T)

> u
4/ . cos(0)
w x = EVF(x) + u; [sin(@)] X Flx) Y ;tss+l

u, |0=uw

(y-2)

]
Eé

. . - PT version of algorithm by
Time-Varying Gain: “ Scheinker, Duerr, Krstic
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Scheinker, Duerr, Krstic


PT Source Seeker Convergence

Domain t € [ty,t9+T) :

. 1+2 cos(0)
*=EVF()+ v2(¢ —Tto) v sir?(f))
. 1+% k
Qzﬂu-me’ﬁw’”)
to
Sl SV

5=
v2(t—tg) 1

Time QilEfieH: =

_t
v(t-ty)

t—>1

[to. to + T) — [to, )

Domain 7 € [tp, =) :

ty
dx 0 cos(0)
dr V@) + Vo | oo
do k
Feial ;(y -2)
dz 1
i ;(y -2)
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PT Source Seeker Convergence

|
- ‘ " ; Average Unicycle Position:*
Average Unicycle Position: ﬁ = (to+T)z .
. I . T T @ - x| < elff0) - x| Pl S taDe
o -rlz e el b = Ll w row
- *
t to+T
—rF as 0 [f(), to + T) — [t(), 00) *Averaging Results via Sing. perturbed-Lie Bracket Approx.
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Source Seekers Comparison t € [0,1)

= Decaying Signal Field () o
Exponential Source Seeker with & > —‘—ng,‘)

T Source Seek

we = = Average Dynamics of PT Source Seeker

-2 -1.5 -1 -0.5 0
1 15/38
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Delay-Compensated PT-ES

(Cemal) Tugrul Yilmaz

16/38


Miroslav Krstic
(Cemal) Tugrul Yilmaz


Tugrul Yilmaz
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S(t+ D,n(t+ D))

17/38


Miroslav

Miroslav Krstic
PREDICTOR with distributed delay

Miroslav Krstic


S(t+ D,n(t+ D))
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S(t+ D,n(t+ D))

Prescribed-time Delay Compensation Controller
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PREDICTOR with distributed delay


i(t — D)

6(t — D) Y(t,n)

® =

M(t,n)

>
)
X
|
7
[

S(t+ D,n(t+ D))

N(t,n)

Prescribed-time Delay Compensation Controller

PREDICTOR with distributed delay

PT version of algorithm by
Tiago Roux Oliveira
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PREDICTOR with distributed delay
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PT version of algorithm by
Tiago Roux Oliveira
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6(t — D)

e<—l)s
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Time=advanced chirp perturbation

S(+D,n(t+ D)) =ao (1+2) u(r B)*cos (o (¢ ED):(: @)
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6(t — D)

e<—l)s
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Gradient and Hessiap estimates

2
G(t,n) =M(t,n)Y(t,n),  M(tn) = - sin (wtp)

A(ty) = N(Lp)Y (2 1), *
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S(t+ D,n(t+ D))

Prescribed-time Delay Compensation Controller
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Delay-compensated PT-ES algorithm

0(6) = —ki*(0) [(6(t) = (¢ = D)) Fr(t.n(0) + Gt 1))
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(“cancel”)


0(t), 0(t)

-y
Compensated
Uncompensated

45

t[s]

35

40

45
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For T > D arbitrarily close to T, there Q some w*(T), where - asT — T,
isfies

such that Vo > »*(T), the error syste i

limsup (|9(¢)] +[|a(-1)l|,0.07) = 0(1/a),

t—ty+T+D
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9(t) = 0(t - D) - 0*
d(t) =a(0,1)

o:i(x, t) = dctui(x,t) (delay as transport PDE)
a(D,t) = 0(t) - 0*
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Theorem

For T > D arbitrarily close to T, there exists some w*(T), where w*(T) — 0 asT — T,
such that Vo > o*(T), the error system satisfies

limsup (I9(8)] + [la(, )l 007) = O(1/w),

t—ty+T+D

and

limsup [0(t) - 6%| = O(1/w).

t—to+T

Furthermore,

limsup [y(t) - y*| = limsup |6(t) - 6*|* = O(a® + 1/w?).

t—to+T+D t—to+T
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Key step in the proof: Finite-time weak averaging

of inf-dim system with GABoURded State

Evolution egn
n=dn+]J(otn)

periodic in t, with ptreated as (EilOMNCISIEICH
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Key step in the proof: Finite-time weak averaging

oflinf=dimisystem with unbounded state

Evolution egn
n=gdn+]J(wtn)

periodic in t, with utreated as part of the state n
Average system
’7av = dﬂav +(’7av)

where

1 w(T-D)
T = Jim ——— [ s nyas

24/38
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Key step in the proof: Finite-time {i@@k averaging
of inf-dim system with unbounded state

Weak formulation of evolution egn (¢ = ‘test function’):

t t

(n(0).0) = ({10 + D). ) + /

to+D

(n(s), L™ p) ds+< ]av(ry(s))ds,q)>

to+D

+ < / U (w5 7(5)) = Jus (n($))] ds qo>

+D
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Key step in the proof: Finite-time {i@@k averaging
of inf-dim system with unbounded state

Weak formulation of evolution egn (¢ = ‘test function’):

t t

(1), ¢) = (nlto + D), o) + /

to+D

arpdse( [ o))

to+D

; < / " (5. 1(5)) — e n()] ds,¢>

+D

< £8(Mlellz = 0(1/w),  Vo>o*(T)>5(T)

25/38
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Key step in the proof: Finite-time weak averaging
of inf-dim system with unbounded state

; < / " (5. 1(5)) — e n()] dw>

+D

< £8(Mlellz = 0(1/w),  Vo>o*(T)>5(T)
Approximation error on finite interval:
||’7(t)_’7av(t)”5[:0(1/60), Vt € [t0+D,t0+T]

for all w > w*(T).
25/38
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0(t), 0(t)

-y
Compensated
Uncompensated

45

t[s]

35

40

45

22/38



PT-ES for Diffusion PDEs



PT-ES for Diffusion PDEs

Diffusion PDE with a (Neumann-driven) integrator at its output

%@(t) = da(0, 1)

ora(x,t) = dryva(x, t)
a(0,t) =0
dra(D,t) = 6(t)

(as in Stefan PDE-ODE model of phase change)
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Motion planning for perturbation signal
—propagate chirp thru heat PDE

S(t.n(t)) = oxB(D, t)
o1 f(x,t) = dxxf(x,t)
£(0,t) =0
2B (0.1) = aw cos (wtp(t)) (1 + %0) (1)

28/38
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Motion planning for perturbation signal
—propagate chirp thru heat PDE

Explicit solution

— N U kg oty (D ; D*
S(t,ry)—Re{Zawkoﬁy ke L, (=(T jwko)p) 20!

k=0
Ly = CEGUEHre polynomials \
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Heat=compensated PT-ES algorithm

0 = A(t, )Q(n) +G(t,n)P(n) + R()

where

D
0(n) = /0 0re (Do) (a(y. 1) — Bl ) dy

P(n) = oxyc(D,n)

D
R(n) = q,(D,D,n)(a(D,t) = B(D, 1)) + /0 9xqr (D, y,n)(a(y,t) = f(y, 1))dy
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Kernel g,

PDE
aqr (%, Y, 1) = Oxxqr (%, 4, 1) — dyyqr (%, 9, 7) — pop°qr (x4, 1)
qr(x, 0, ’7) =0
X
gr(x.x,n) = - 5/10#2 /
u(x2-y?) 5 ( uo/ﬂ(x2 h yz))
Explicit qr(x,y.n) = —ypope 3T

I, = modified Besselfunction
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Kernel g,

Growth bound

2
g0 (o) < el FrCovm)r
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Kernel y.

PDE
deve(x, 1) = dxxye (3, m) = pop’ye (x,7)
YC(Q ’7) =0
dye(0m) = —ki', k<0
Explicit

2n+1 n!

ye(x, n) ——kﬂzz an# "L (=(Tpo) )

Laguerre polynomials
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Kernel y.

Growth bound
lye(m)| < Cre”

where Cy := ﬂ‘% C = % + D +/51p.
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Kernel g,

PDE
94 (%, Y, 1) = Oxxqe(x, 9, 1) — dyyqe(x,y, 1) — Hop g (x, Y, 1)
qc(x,0,1) = ye(x,n)
ge(x,x,m) =0
Successive approx. 2o QR(E8,n) =qc(E+8,E-6,n)

& po
Qs =rom. | Qesn= [ [ (a0 @)+ uiQl o pon) ) dpdo
o) 0
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Kernel g,

PDE
9:qc (%, Y, 1) = 9xxqe (X, Y, 1) = dyyqe (.Y, 1) — pop~qe(x, y, 1)
qc(x,0,m) = ye(x,m)
qe(x,x,1) =0
Successive approx. Y0 QR(E6,n) =qc(E+5,E-6,n)
QY(£6,1) = yc(28,7), "(&8,m) / A 2:QF (o, B.1) + pop* Q" (o, B, U))dﬂdff

Growth bound

|gc (- )| < Cae™*

where Cy := 2Cy, Cs := +/5(Ca + poT) D2/ (4T) + C; + D?/ (4T)
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Theorem

For T > 0 arbitrarily close to T, there exists some w*(T), where w*(T) — c0casT — T,
such that Vo > o*(T), the error system satisfies

.IItho,D] +16(1) - ©']) = 0(1/w).

limsup (|9(2)] + [1@(-, t)||z,[0.01 + ||

t—to+T
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Theorem

For T > 0 arbitrarily close to T, there exists some w*(T), where w*(T) — c0casT — T,
such that Vo > o*(T), the error system satisfies

timsup (|9(1)] + [laC- )llzz(00) + 193 Dllzafo.0) +10(2) = ©7]) = O(1/).

t—to+T

Furthermore,

lim sup |y(t) - y*| = limsup [©(t) - O] = O(a” + 1/0”).

t—to+T t—to+T

34/38


Miroslav Krstic


Proof Step 1: Averaging

'9av(t) = OxUay (0, 1)
Oplay (X, 1) = Oxxllay(X, 1)
Uay (0’ t) =0,

D
dxuay(D, t) = q(D, D, n)uay (D, t) + / 9xq(D, y, Muay (y, t)dy + dxy (D, n)Jay
0
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Proof Step 2: Backstepping transformation

X
W, 1) = th (3. 1) — / 0 v )t (s )y — y () By
0
into the target system

Gu(£) = = KH (1) 9y (£) + 0w (0, 1)
Iw(x,t) = Oxw(x, t) — yo,uz(t)w(x, 1)
w(0,t) =0
oxw(D,t) =0
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Proof Step 2: Backstepping transformation

W 1) = thay (1) — /O 9%, g )t (3 )y = (. 1) O

into the target system
Gay (1) = — kHp? (1) 3y (£) + 2w(0, 1)
Iw(x,t) = Oxw(x, t) — poyz(t)w(x, 1)
w(0,t) =0 partly inspired by
_ Coron’s use
oxw(D,t) =0 E)f “PDE backsteppinga
to prove

null controllability
of heategnintime T
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partly inspired by Coron’s use
of “PDE backstepping” to prove
null controllability 
of heat eqn in time T
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Backstepping: from ODEs to PDEs to delays
Adaptive

Linear Control

1995

(12,000
citations)

Nonlinear
and Adaptive Adaptive Control
Control of ParabolioPDEs

Design

Miroslav Krstic
loannis Kanellakopoulos
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Petar Kokotovic
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e Andrey Smyshlyaev & Miroslav Krstic Yang Zhu and
Miroslav Krstic




Proof Step 3: Stability of target system

Lyapunov functional

2

1 2 1 2
+ E”W(> t)”Lz[O,D] + Ellaxw(" t)“Lz[O,D]
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Proof Step 3: Stability of target system

Ay <o (ka2(t) _ —) 92,(0) = por () 1w DI, o)

1 1
(120 + 5 ) oI g1 = 3110 1 g
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Proof Step 3: Stability of target system

with o, k > 0, we get
Y(t) < e T HO=-Dy (), co = min{k, fio}
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DONE!


Thank you for your attention

Questions?
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