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Abstract

A variety of mathematical or computational models have been developed and used to better under-

stand the dynamics of atmospheric pollutants. Among the pollutants of interest are those related

to the tropospheric ozone (O3) formation cycle, which involves nitrogen oxides (NOx). In this pro-

cess, there is a sequence of chemical reactions whose most elementary modeling can be described

in terms of ordinary differential equations (ODEs). In this study, we consider the concentrations (in

µg/m3) of the gases (O, NO, NO2, and O3) over time. We present a qualitative study of the model in

which we verify that the equilibrium state is non-hyperbolic. To study it, we use the Center Manifold

Theory to determine its stability analytically. These analytical results demonstrate its local asymptotic

stability, which is also confirmed numerically. In addition to this stability result, another conclusion is

that the simplified ozone kinetics model with fixed kinetic parameters does not allow the behavior

of sustained oscillatory solutions for the aforementioned pollutant concentrations.

Model

In this study, the tropospheric ozone cycle is analyzed as a closed system, i.e. without the contribution

of pollutant emission sources. The concentrations (in µg/m3) of the following gases over time are taken

into account: O(3P ), NO, NO2 and O3, where O(3P ) denotes the oxygen atom in its ground state. In the

troposphere, these gases react according to the following physical-chemical reactions [1, 2, 3]:

NO2 + h ν
k1

−−→ NO + O(3P ) (1)

O(3P ) + O2 + M
k2

−−→ O3 + M (2)

NO + O3
k3

−−→ O2 + NO2 (3)

In (1), (2) and (3), ki (i = 1, 2, 3) denotes the kinetic parameters of these physicochemical reactions.

The dynamics of the chemical kinetics given by the reactions (1), (2) and (3) can be described by the

following system of ordinary differential equations:

d [O(3P )]
dt

= k1 [NO2] − k2 [O(3P )]

d [NO]
dt

= k1 [NO2] − k3 [NO] [O3]

d [NO2]
dt

= k3 [NO] [O3] − k1 [NO2]

d [O3]
dt

= k2 [O(3P )] − k3 [NO] [O3]

(4)

(5)

(6)

(7)

With, [O(3P )] ≥ 0, [NO2] ≥ 0, [NO2] ≥ 0, [O3] ≥ 0.

Existence and Uniqueness of the Solution

Let y(t) = ([O(3P )](t), [NO](t), [NO2](t), [O3](t)), f (y) = (f1(y), f2(y), f3(y), f4(y)) where f1 = k1[NO2]−
k2[O(3P )], f2 = k1[NO2] − k3[NO] [O3], f3 = k3[NO][O3] − k1[NO2] e f4 = k2[O(3P )] − k3[NO][O3]. Thus,
the system (4)-(7) can be written as:

dy

dt
= f (t, y),

y(t0) = y0 e t ∈ [t0, tf ].
(8)

(9)

Theorem

We consider the initial value problem (IVP) (8)-(9) where f (t, y) : [t0, tf ] → R4 × R4 is continuous on

[t0, tf ] × R4 and verifies the Lipchitz condition with respect to the variable y, which means that there is a

positive constant L such that ∀t ∈ [t0, tf ] and ∀y1, y2 ∈ R4 there is

||f (t, y1) − f (t, y2)|| ≤ L||y1 − y2||. (10)

Therefore, the IVP (8)-(9) has a unique solution.

Equilibrium Solution

We denote the concentrations of each chemical species at time t as C1(t)
.= [O(3P )](t), C2(t)

.= [NO](t),
C3(t)

.= [NO2](t) e C4(t)
.= [O3](t). The equilibria of (4)-(7) are those at which the rates of change of

[O(3P )], [NO], [NO2], and [O3] are all zero, resulting in the following system of algebraic equations:
k1 C∗

3 − k2 C∗
1 = 0

k1 C∗
3 − k3 C∗

2 C∗
4 = 0

k3 C∗
2 C∗

4 − k1 C∗
3 = 0

k2 C∗
1 − k3 C∗

2 C∗
4 = 0

(11)

(12)

(13)

(14)

Thus, the non-trivial equilibrium solution of the system is given by,

E =
(

k3
k2

C∗
2C∗

4 , C∗
2 ,

k3
k1

C∗
2C∗

4 , C∗
4

)
, (15)

Eigenvalues

Theorem

The equilibrium solution E is non-hyperbolic.

The characteristic polynomial is:

λ2 [a λ2 + b λ + c], (16)

where a = 1, b =
[
k1 + k2 + k3(C∗

2 + C∗
4 )
]
, and c = k1k2 + k2k3(C∗

2 + C∗
4 ) + k1k3C∗

2 .

Discriminant Condition Eigenvalues

∆ > 0 1
k1k3C∗

2

(
(k1 + k3C

∗
4) − (k2 − k3C

∗
2)

2

)2

> 1 λ1,2 = 0, λ3,4 = −b ±
√

∆
2 a

∆ = 0 1
k1k3C∗

2

(
(k1 + k3C

∗
4) − (k2 − k3C

∗
2)

2

)2

= 1 λ1,2 = 0, λ3,4 = −b

2 a

∆ < 0 1
k1k3C∗

2

(
(k1 + k3C

∗
4) − (k2 − k3C

∗
2)

2

)2

> 1 λ1,2 = 0, λ3,4 = −b ± i
√

∆
2 a

Table 1. Eigenvalues associated with the equilibrium solution E.

Local Stability

Theorem

The equilibrium solutions E for the fixed components are locally stable.

To show this theorem for the model, we use the Local Center Manifold Theorem [4]:

Theorem

(Local Center Manifold Theorem). Let f ∈ Cr(K), where r ≥ 1 and K is an open subset of Rn containing

the origin. Suppose that f (0) = 0 and that f ′(0) has c eigenvalues with zero real part and s eigenvalues with

negative real part, where c + s = n. The system (4)-(7) can be written in a diagonal form as,
dx

dt
= Cx + F (x, y),

dy

dt
= Py + G(x, y),

(17)

(18)

where (x, y) ∈ Rc ×Rs, C is a square matrix with c eigenvalues with zero real part, P is a square matrix with

s eigenvalues with negative real part, F (0) = G(0) = 0, and F ′(0) = G′(0) = 0. Therefore, there is a δ > 0
and a function h ∈ Cr(Nδ(0)) which defines a local center manifold given by

W c
local = {(x, y) ∈ Rc × Rs|y = h(x) for |x| < δ}, (19)

where W c is tangent to the center subspace Ec = {(x, y) ∈ Rc × Rs|y = 0} and satisfies

h′(x)[Cx + F (x, h(x))] − Ph(x) − G(x, h(x)) = 0, (20)

for |x| < δ, and the flow on the center manifold W c(0) is defined by the system of equations

dx

dt
= Cx + F (x, h(x)), (21)

∀x ∈ Rc, with |x| < δ.

Numerical Results

The systemwas treated as an initial value problem in which the initial concentration of O(3P ), NO, NO2
and O3 was chosen to be zero, 1012, 1010 and zero molecules/cm3, respectively [1]. For a temperature

T = 298 K [1] , the values assigned for the kinetic parameters were: k1 = 1.7 · 10−2 s−1, k2 = 1.4 · 103 ·

e
(

1175
T

)
cm3 molecules−1 s−1 and k3 = 1.8 · 10−12 · e

(
−1370

T

)
cm3 molecules−1 s−1. We used the ode

routine from the deSolve package of R, which can identify and numerically solve rigid systems (stiff).

Figure 1. Numerical solution of the mathematical model presented and defined by equations (4), (5), (6) and (7) for the
tropospheric ozone cycle. The scale of [NO] is the vertical axis on the right, and the value of [O(3P)] is shown with a

multiplicative factor of 106.

Using the initial conditions and parameter values, we obtained the stationary numerical solution shown

in Figure 1: (1.2194 · 103, 1.0048 · 1012, 5.1786 · 109, 4.8213 · 109), and the equilibrium solution given by

(15) is (1.2173 · 103, 1.0048 · 1012, 5.1699 · 109, 4.8213 · 109). Using the information Table 1, the inequality

is less than unity, and so the eigenvalues are λ1,2 = 0, λ3 = −10573.3 and λ4 = −61625.7. According to
the theoretical results, this equilibrium solution is locally stable. Thus, with this numerical solution, we

can verify the theoretical result derived analytically.

Conclusion

In thiswork, we present a qualitative study of a mathematical model of ordinary differential equations

in time that characterizes the kinetics of the chemical reactions of the ozone cycle in the troposphere.

The only non-trivial equilibrium state of the system is non-hyperbolic. Using the Center Manifold

Theory, we have proved that this state is locally stable.
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