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Introduction

We present two results for dynamical systems in time-dependent phase spaces that satisfy the smoothing
property. The first result consists of estimating the fractal dimension of a pullback attractors when the
evolution process satisfies the smoothing property on the attractor, and the second result is about the
existence of a pullback exponential attractor whenever there is a family of bounded subsets that is
dissipative and positively invariant. Furthermore, we apply this theory to estimate the fractal dimension of
the pullback attractor of the heat transfer equation with delay, and also to show that the 2D-Navier-Stokes
equations on a non-cylindrical domain has a pullback exponential attractor.

Fractal dimension

Definition 1: Let X be a metric space and K a totally bounded subset of X. The fractal dimension of K
is defined by

log Ny K, X|

dim ¢(K, X') = lim sup 1
—logr

r—07
where N;.|K, X] is the minimum number of balls of radius r that cover K
Theorem 1: Let {(X¢, | - || x,) }teT and {(W4, || - [[w,) }reT be two families of normed vector spaces and
{€}}1eT be a family of bounded subsets of { X;};c. Assume that there is ¢y € T such that W is
compactly embedded in X} for every t < ¢, and there exists a positive constant gy = 0g(tg) > 0 satisfying

¢ C Bx,(ut,00) forallt <1,

for some us € 6;. We will also suppose that there exists a family of operators { L : X;_1 — W3}i<y, with
the properties

e Negative invariance: 6; C L;%;_1 for all t < 1y;

e Smoothing property: there exists a function  : (—o0, tg] — (0, +00) such that

|Lex — Leyllw, < w(t)llz —yllx, ,, forall =,y €%, t <ty

e Entropy control: there is an N, € N such that sup Nf/%(S) < N, where N := N¢[By, (0, 1), X/]
s<ity
for any € > 0 and t < ty. Then,

log V;
sup dim ¢(6s, Xs) < olg b,
s<ty Og

Application 1: Heat equation with memory term

Consider a, B € C*(R) with 0 < vy < B(t) — a(t) < 1 for all t € R, and denote by Z; := (a(t), B(1)).
Then, given 7 € R, the heat transfer equation with delay on the non-cylindrical domain and with
homogeneous Cauchy-Dirichlet boundary conditions, denoted by (DHE), is

(Ou  O? _ .
a—? — a—xg +g(u) = f(t) +u(re,t — () in Ure(r +00) Lt X {t},
Lula(t),t) =u(B(t),t) =0 Vte[r,+oo), (DHE)

= ¢(s) inZrisand s € (—h,0),

where u is the temperature function, u’ is the initial condition, ¢ is the initial condition with memory

defined on interval (—h,0) with h > 0, and f € Llloc(QT) is the heat source, rt(x)m;ggt) and

Tt = T;—lé(t) oy, 8(t) € CLR) with §(t) > 0, h = tsg%éé(t) > (0 and dy = 7?;11%5/(75) <1, and g € C1(R)
is such that there exist aq, a1, 8p > 0 and [, and p > 2 such that

—Bo+aglsl? < g(s)s < By +arfsfP and  g'(s) =~ VseR.
Definition 2: (Tempered universes on M%Q(It)) Given a non-increasing function n : R — (0, +00), we
define by DU(M%Q) the class of all families D = {D(t) C M%Q(It) t € R, D(t) # 0} such that

u(T+ S

lim " sup [[(v, )%, =0, VtER.
T——00 ( ¢)ED( ML2<I’7')

For a family { X} we are going to consider f &€ LZOC(]R; X¢) satisfying
M(t) = Sup/ | £ dr < +00, forallt € R. (1)
s<t

Theorem 2: (Fractal Dimension) Suppose that conditions (H1)-(H4) hold, and ¢ € C'(R) and p > 2.
Assume that there exists a non-increasing bounded function 1 : R — (0, +00) such that

1.2/, 792 - - : :
feW, "(R; L*(Z)) satisfies (1). Then, the pullback attractor ADH(MQZ) has finite fractal dimension.

proof: Given t € R consider the Banach space WLQ,Hé(It) = H&(It) X {gb S L%ﬂ(ft) ¢ € LQLQ(It)}.
Then, it follows from Lemma of Aubin-Lions-Simon that !

Wi (L) == Mpo(Ty) forall t € R.

There is a sequence of points {f_y, };n<q such that _,;, — —o0, and Sy, == S(t_p,t_;11) satisfies
[Sim(u, 8) = Sm(v. v, @ ) < Al 0) = (0,02, g

for all (u,¢) € ADH(MQQ)(L?—WH) and m < 0. Since the pullback attractor is invariant and the evolution
process S(-,-) is Lipschitz, it follows from Theorem 1 that

M7 : t
d A ), M2, (L) | < L0 0
i (o (0 35:00) < =
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Pullback exponential attractor

Theorem 3:(Pullback exponential attractor) Let t) € R and S(-,-) be an tg-evolution process defined on
the family of Banach spaces {Xt};<¢,, and let {M;};<¢, be a family of bounded closed subsets of
{X¢t}i<t,- Assume that:

(C1) There exists T > 0 such that S(¢t,t — T)M;_p C My for all t < ¢ ;

(C2) For each t <t there exists c; > 0 such that Mg C By (0,¢), for all s <t < #;

(C3) There exists a family {Z;};<¢, of Banach spaces such that Z; << X; for each ¢ < #;
(C4) For s <t <t there exists k(t,t — s) > 0 such that

|S(t, 5)r1 — S(2,8)x9|| 7, < K(t, t — 8)||x1 — 29|/ x,, fOr all 1,29 € Ms;

(C5) There exists Ny, > 0 such that sup N(s) < N, where
s<ty

N(s) = Ny. (BZS(O, D, 4L

Ks

) with kg := k(s,1) for all s < tp;

(C6) Fort <tyand s € [0,T] there exists L; ;s > 0 such that
|S(t,t —s)x1 — S(t,t — s)ao| x, < Lep—sllzr — ol x,_,, forall x, 20 € My

Then there exists a family { M };<;, of compact subsets of X; with the properties:
» (Positively Invariance): S(t,s)Ms C My, for all s <t <.
» (Pullback Exponential Attractability): There exists 5 > 0 such that

lim e*” distx, (S(t,t — s)Mz—s, M(t)) =0, forall t < t.

§—+0Q
» (Finite Fractal Dimension): It holds

< OQ.

log NV
A (M = 0
ret M) < log(2)

Application 2: 2D Navier-Stokes equations

Let us consider the family {O;};cpr of open bounded subset of R2. Now, we are going to assume some
hypotheses of regularity on the family of open sets {O;};cr within the framework of a correct formulation
of our problem. Let us denote by @ a nonempty bounded open subset of R? and consider the map

r(-,-) = r(y,t) a vector function r € C1(O x R:R?) such that (-, ) : O — Ot is C'3 — diffeomorphism .

Denote by 7(-,t) := 7~ 1(-,t). Suppose (H1) Jac(F,z,t) = det(arz (, t)) J( 7> 0, (H2)

T € 03’1( U O X {t};Rz) and (H3) € = U O; is bounded in R? for all t € R.

te(r,T) s<t
Then, we call the 2D Navier-Stokes system, indicated by (NS), to the system given by
(0
a—?; —Au+(u-V)u+Vr = f(t) in Ute(7,400) Op x {t},
J divu=0 N Upe(ro0) O X {1}, (NS)
u=>0 on UtG(7‘,—|—OO) 8Ot X {t}a
\u(T) = U,y in O,

where u(x,t) = (uy(x,t),us(x,t)) is the velocity field, ur is the given initial velocity vector field, the
function m(x,t) represents the pressure on the fluid, and f(x,t) = (fi(z,t), fo(x,t)) is a external force.
Let us denote by

Vi = {p € CX(0y)? : divp =0},  Hy = the closure of V; in the L?(O;)? — norm:;
V; = the closure of V; in the W2(O;)? — norm.

Theorem 4: (Existence and Uniqueness) Suppose that hypotheses (H1)-(H2) hold. Let us consider 7, T
with 7 < T'. Then, for any v” € H;, and f € L*(1, T V*), there exists a unique weak solution of the
problem (NS).

Definition 3: (Tempered universe on Hy) Let us denote by Dif the class of all families of nonempty
subsets D = {D(t) C H¢:t € R, and D(t) # ()} such that, for all t € R

lim M7 sup |v)2 = 0.

T veD(T)

Theorem 5: Under assumptions (H1)-(H3) and f e Lloc<R5 H;) satisfying (1), there exists a family

M ={M(t) C Xy :t €T}, that is a pullback D)\ -exponential attractor for the process S(-, ).

proof- Let us consider the family of bounded and closed sets M = {M(t) : t € R} defined as

Vi

M(t)y= (]  S(ts)Byl0,C(s)]
s€[r(t,By) 1

Then, the evolution process satisfies

|S(t, s)u — S(t, s)v||t < ke p—slu —v]s, forallu,v e M(s), s <t.

Then, the dynamical system (S(-,-), { Ht}sep) satisfies the hypotheses (C1)-(C6). Therefore, the existence
of a pullback Df-exponential attractor is given by Theorem 3.
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