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Motivations

Traditional modeling and simulation approach

Images ‘ rSegmentation ‘ V Mesh ) [ Mathematical modeling ) ( Numerical results )
generation Numerical approximation
{ag—ff) = £(y(0), v (1), Pt
y(O):yo,

\.

Zingaro et al, JCP (2024), Fedele et al. CMAME (2024)

J \

@ Preprocessing steps (including meshing) are time-consuming and require often manual interventions

Computational costs are often prohibitive
Example: cardiac electromechanics on 1.34 M Tetrahedra, 1152 cores on GALILEO100@Cineca:

@ Takes 4 hours
¥k Costs about 2000 €
& Consumes 100 kWh of energy, producing 35 kg of CO,

This hinders many-query procedures, such as Uncertainty Quantification or Global Sensitivity Analysis

Building surrogate models through Operator Learning
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Surrogate models

Physics-based model
M:U—=Y

=
{f’y ~V-(SVy) = f(u) nQx (0,T),

ot
XVy-n=0 ondQ x (0,7),

Y=o inQ x {0},
W
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/Nput: parameters,
functions,
shapes, ...

surrogates
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output: scalars,
functions, ..

Numerical Approximation

High-fidelity solver
./\/lh U — Yh

wl el —
w el —

uN e U —

training data
generation

- Politecnico di Milano)

>

Surrogate model
Mgy :U =Y

Approximate
(typical accuracy:102-10-3)

Fast
(often: milliseconds-seconds)

Training

Operator Learning

{(ui7y;z) 71521 CUXY

HCYY = {M: U — Y} hypothesisspace
N

training dataset

M)y = argmin >k — Msm(u)I3
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Surrogate models: isitworthit?

Real-time solutions

e.g. robotic-assisted surgery, real-time control of industrial plants, ..

Many-query scenarios

Suppose we need Nquery €valuations of the data-to-solution map:

Using the surrogate model: Using the high-fidelity solver:
N THF + Ttraining =+ nqueryTSM < nqueryTHF
offline phase online phase
Weneed: N < Nguery ‘ The surrogate model must generalize well for unseen inputs

even when using a small number of training samples
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Operator learning for of time-dependent problems

u(t) (t) | |
y - Displacement of a control point
- Generated power of a plant
I/\/g -_ ? -_— I /\/ - Revenues of a company
: ~ :
>t | >t - Number of infected people
' - Wrist blood pressure
scalar outputs -

- Control of an engine

- Wind strength

- Price of an asset

- Strength of a social measure
- Dose of a farmakon
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Model Learning

1. Training input-output pairs: ﬁj c U =c°(0,TLU) inputspace, where U c RM - ¥
- J=1,..,Ng
yi € ¥ =C%0,T];Y) outputspace, where y c RW

| nck
2. Hypothesis space : - ~
(claég of candid%te models): {x(t) = f(x(t), u(v)), te(0,T] f c F c F,={f € C°(R" x U;R"), Lipschitz cont. in x uniformly in u}
x(0) =xo gc G CGyi=COmMY)
y(t) = g(x(t)), te(o,T] Xo EX C X, =R"

This system of ODEs uniquely identifiesamap: $fgx,: U — Y

T 9X = {gof,g,xO edst.fe f,g €G,Xo € 2?}

Theorem (R., Dede’, Quarteroni, JCP 2019)

The set of ODE models whose r.n.s. and observation function are Neural
Networksis dense in the set of all ODE models w.r.t. the L norm.

5. Empirical risk minimzation J M T
(training): ©* = argmin 52/0 Vi(t) — (ou;) (t)*dt
j=1

cpeq)-fyéy?

F.Regazzoni, L. Dede’, A. Quarteroni, Journal of Computational Physics (2019)
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Model Learning: architecture and training

Surrogate model

input E d

signals |0(\// — () —5(t) = MNayn(s(8), u(t), 4 Wayn) t € (0,T)

input = _ y(t) = NN gec(s(t); Waec) t e (0,7)
parameters  |=: _> H %s(t) s(0)=0

s(t)

Training

| output
y(t) §. va . signals

-------------------------------------------------------------------------------------------------------

« Therecurrent part is formally similar to an Neural ODE. However the dynamics of s(t) is not known a-priori
« Thelatent state s(t) provides a compact encoding of the high-fidelity model state. However, the mapping is never explicitly constructed!
+ Thetwo ANNs are trained simultaneously: the training algoritnm discovers a latent space to

+ Predict the system dynamics

* Reconstruct the output
F.Regazzoni, L. Dede’, A. Quarteroni, Journal of Computational Physics (2019)
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Benchmark test cases

Systems of nonlinear ODEs

1 3 Ne N

“tPl 1 111

B(t) = —2vi(t) + va(t) + 2 — eHOM(D _ gh0O—va) 4 ()
G = ~20i(0) # Vi_o(8) # Vi (£) + €40011(0-4(0) _ h0lu(0—vio(0),
(D) = D)+ Vi_(t) — 1+ @0 0-(0)
y(t) = vi(t)
107"
q
S
D 102}
4=
[90]
O
4
—O— output-outside-the-state
—O— output-inside-the-state
1073
1 1.5 2 2.5 3

number of latent states
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Parabolic PDEs

s t=0.00
Q7  [Q Qo
[ )
Y3
;
Q|05 Qs
[ ]
e 05
Q|9 |23
[ ]
Y; .
0 0.5 1 15
2(p,t) — V- (R(p,u(t) Vi(p, 1)) =0 forpeQ,t>0
R(p, u(t)) Vyy(p,t) -n=0 forperly,, t>0
R(p, u(t)) Viy(p,t) - n =1 forpel,, t>0
¥(p,t)=0 forperl,t>0
¥(p,0) =0 forp e Q.

k(p,u) = 37, u; 1o,(p)
yi(t) = |Y;| 7" fyi ¢(p, t)dp

[—
(@)
[—
|-
O
4+
%)
O
4+
—&— ANN, out
ANN, in
1073
0 5 10 15

number of latent states

0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05

Hyperbolic PDEs

t=0.01

2z, t) - AL y(z,0)=0 forze(0,L),t>0

¥(0,t) = uq(t) fort>0
P(L, t) = uy(t) fort>0
(2,0)=0 forz e (o,L)
24(2,0)=0 forz e (0,L),

y(t) = v (5,1)

testerror

- — —c

n

1073 | | —©— Test error (ANN)

1 2 3 4 5 6 7 8 9

number of latent states



Applications to cardiac modeling
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First application: learning the microscopic scale

1 2

Subcellular Surrogate

3

Multiscale
electromechanics

modelling modeling

) (
High-fidelity model Surrogate model
actin filament
validation
4_ ________
myosin filament
~2000 variables : model-learning
J ' .
apriori .
knowledge ! :
| R Model Results:
Learning 3D FEM v 10-3testing accuracy

electromechanical v 400 x speedup

I model v/ 1000 x memory saving

Simulations database

F.Regazzoni, L. Dede’, A. Quarteroni Computer Methodsin Applied Mechanics and Engineering (2020)
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Second application: learning the coupled 3D model

Electrophysiology
Jxm [Cm ¥+ T°"(v,w)] — V- JF'DF~TVV) = FPP in Qo x (0, T)

amA. C _ . +
| puL  RPUL LPUL F B I * Vd %_\:l = h(V, W) n QO X (Oy T) [Caz ]i
- e + boundary conditions
N[
= Active force generation

= / or . oSL, .
= SLO I4f = q)(rr [Ca2 ]i'SLr _) In QO X (Or T) P.=T (r) Ffo ¥ fo
\ ot ot a~la Tug
p2d v .P=0 in Qo x (0,7)
= 9 + P, in Qo x (0, T)
Ervl(t) . PN = —pyJF "N on rgnde x (o, T)
AV; + other boundary conditions
\. J
M3p VE\?(d) = VE\?(C)
P P Blood circulation
VEN VEN p\S/ESN AR AR pi—\?)
N MM oc
'55';;'" '55;;"' a = H(t; c pLV) te (0, T)
R o — [ — Y
I I

F.Regazzoni, M. Salvador, P. C. Africa, et al. Journal of Computational Physics (2022)
M. Fedele, R. Piersanti, F. Regazzoni, et al. Computer Methods in Applied Mechanics and Engineering (2022)
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Second application: learning the coupled 3D model

YN

—>—
—

W €

parameters

act
i
Ttl:_é ntr
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H I [
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>
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pressure-volume transients
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time [s]
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— o | 201 —
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Par svs )
Par;svs

guantities of interest
(Qols)
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Second application: learning the coupled 3D model

Eact \
Epass
Tcontr
Trel
I:A Pc Vmin
: IrhAax
RER Via
n min
. cRuL > PIA
parameters \ | PUL pﬂ\ax quantities of interest
AR q (Qols)
min
Qxg pAR SYS
\PeSys/
o
[
o
C
7
Standard approach: surrogating the whole parameter to Qol map %

Large parameter space to
explore (need for large

inexpensive @ -
P training datasets)

Computationally

Only scalar Qols (no
transients)

Fixed time horizon (cannot
«extrapolatein time»)

1
BA®

emulator =T
Pc 33— ‘, ________
Pv )—> "l’

P.Di Achille, A. Harouni, S. Khamzin, O. Solovyova, et al,, Frontiersin Physiology 9 (2018)
S. Longobardi, A. Lewalle, S. Coveney, et al., Phil. Transactions of the Royal Society (2020)
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Second application: learning the coupled 3D model

Fact \ Msp=C [ Mann—C parameters-to-Qols map
Epass AL
Tcontr : yyy- Cl: pressure-volume transients
Trel j : o : 100 4 — p&N | 304 3%
pc _*3 . | — pLa — PRA
: r P | SN = B | 20 {3RIN — 2 (VI
. . . 60  pSYS o pPUL max
RPUL . _I I_ : | PUEN PVEN V
PUL : _/;I_I_ . - 10 , pmm
arameters Ca : r Simulation 2o - extraction LA N |
P \ LPUL VAV : : : , : : : pax quantities of interest
: 1p'-V : y = q . (Qols)
C —MI_IT E 140 + q — VE 120 A — VEC
. = i min
Qxs : : 0 g 100 pAR SYS
. = \ max )
Of P > ) . 100 A 80 pAR SYS
@ : 80 - ‘/ 60 -
¢ : S
. time [s] time [s]
"

Proposed approach: surrogating just the 3D model I’

/
Viv 1 1 P / of the mechanical model

/\ )/ @ NEXpensive @ needs to be explored
/
. @ Provides pressures and @

volumes transients

Computationally Only the parameter space

Possibility of performing simulations
beyond the training time horizon

P —»)

ManN

F.Regazzoni, M. Salvador, L. Dede’, A. Quarteroni Computer Methodsin Applied Mechanics and Engineering (2022)
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R@SU'tS_ P> [mranl]

—=== 1807 ! ! !
— M3p—-C 22z Maw—C oke 20 heartbeats
T
= 140 - ]
=2
f ok i testing accuracy
100 1= 1 5 heartbeats _ Test dataset #1
80F/ ., ., ] v opiv VIV' VIV Sametime horizon
80 100 120 140 160 180 relative error | 0.0097 0.0046 0.0139 0.0035 g training dataset
Msp—-C R? 99.691 99.864 09.896 99.948
VLrUax [mL] 10 heartheats . T@ST Clataset #2
180 T T T v Py Vi vy Timehorizon twice
¢ 3 eartbaats relative error | 0.0113  0.0037 0.009 0.0031  aslongasinthe
S R? 00.924 99.980 99.851 99.944  training dataset
2150 —
=2
g 135 E
120 —
105 [
105 120 135 150 165 180
M3D—C
moael task computational platform computational time
Msp-C simulation of a heartbeat Ea ii_gtoerre 4 hours
460'000x speedup
_ . . single core
Mann—C simulation of a heartbeat D standard laptop 1second
o single core
Mann training D etandard laptop 18 hours
Ms3p—C training data generation Ea l?uos‘tce?re ~120 hours

F.Regazzoni, M. Salvador, L. Dede’, A. Quarteroni Computer Methodsin Applied Mechanics and Engineering (2022)
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Use case:
Bayesian
Parameter
Estimation

F:prq parameters-to-Qols map
Qobs = F(P) + € observation

€ ~N(:]0,%) ¥ =noise covariance
Tprior (P)  prior distribution
Posterior distribution:

1
Tpost (p) = EN(qobsL/r(p)a 2) ’/Tprior(p)

Accounting for the ROM error:

F(p) = F(p) + €rom

Qobs = -F(p) + €rom + €exp

Assuming independence:

Y = 3YRromMm + Eexp

Francesco Regazzoni (MOX - Dep. of Mathematics - Politecnico di Milano)

Without ANN-based ROM

A PMm X Pe

-1
|
]
|
I
|
|

—~
(=)
-

o el = - - -
I\)
*

WY BN > /ic/ihood

MBS > //ke/ihood ¥ reject MCMO

e > /ikelihood ¥

Posterior
aistribution

A 4

N\

@ simulation of 960’000 heartbeats

EE3 160 cores

768'000 h (87 years)

With ANN-based ROM
1 @M X gzc

-1
|

-1
|

e

—~
(@)
~—

v

parameter
space
sampling :

(30 :
samples)

training

#

Mann

v

WINTEE > /ikelihood >

W4 ¥ /ikelihood ¥ reject | v

(21 MANN—C -» /ikelihood »
(2 _M :

Posterior
aistribution

a

-1
|

N\

v

@ reduced-order model training
= simulation of 960°000 heartbeats

training dataset generation

E=2 160 cores
1 1core

EEZd 20cores

120 h
162 h
18h
(~6.25days)
12020 min

5'000x speedup

contractility (axp)

noise: 0%, = 0.0 mmHg

T
— 90% credlblllty reglon
300F % Truevalue

275 B
250 - b
225 B
200 - B

175 \ -

150 - B

1 1 1
050 055 060 065 070
systemic arterial resistance (R3%%)

noise: ngp =01 mmHg

T
— 90% crednbuluty regnon
Y True value

1 1
050 055 060 065 070
systemic arterial resistance (R3%°%)

noise: o%p = 10 mmH92

T
— 90% credlblllty reglon
% True value

1 1 1
050 055 060 065 070
systemic arterial resistance (R3%%)

F.Regazzoni, M. Salvador, L. Dede’, A. Quarteroni Computer Methodsin Applied Mechanics and Engineering (2022)



Accounting for inter-sample variability



April 28-30, 2025 - MLPDES25 Erlangen Francesco Regazzoni (MOX - Dep. of Mathematics - Politecnico di Milano) 20

Model Learning: accounting for inter-sample variability

sample-specific latent parameter
A

: t
Surrogate model () &.t @ — ‘\_/\" ya(t
(1) ® R t

%S(t) = NN ayn(s(t), u(t), p; Wawiayn )t €& ©,(0)T)

y(t) = NN gec(s(t); Waec) ta@®,m0)T) ‘ -
s(0) =0 @ — ‘ <Y

Training

N; N
*\ Vs

* * _ . 2
Wdyn? Wiecs {79 }j:1 - argrnin Z Z HYJ )H — I
Wdyn,Wdem{’YJ = it 7=1 =0 @ — X

observation

Inference e . .
obs ) time window
" =argmin Y [|F(t;) — y(t:)]| -
Y Z0 u(t) /r\ / —

d v , . A\~ ¢ —_— N r? y(t)

g0 = AN ayn (s(2), 0D, 175 Wen) 1€ (0T) Y(t) e > t

(t) = NN agee (5(0); Wieo) te(0,T) S e

SO)=0 e

F.Regazzoni, D. Chapelle, P. Moireau International Journal for Numerical Methods in Biomedical Engineering (2021)



April 28-30, 2025 « MLPDES25 Erlangen

POC: hypertension development

Multiscale-in-time process

LA =

i=Np

21

Francesco Regazzoni (MOX - Dep. of Mathematics - Politecnico di Milano)

- = v Validation
Relative error: 2%

c, Ry cd‘
f T =
Som—scaemode i Latent parameter:
“(synthetic) )f\ B e I — disease severity
0 \‘ Slow-scale model
0 50 0 50 0 50 (Data-driven) 1

150
[}
T
IS
£
) 100
2
@ Pp (measured) Pp (estimated) P q (estimated)
Q 50 I I I I 1
0 1 2 3 4 5 6 7 8
time [s]
- ~— 004
g 02 o 0.035
T
w 015 €
o BT ES— = g 003
c ° —
£ 005 £, 0025
Q.
x> 0 O 002
0 2 4 6 0 2 4 6 8
time [s] time [s]
15 — 4
-
E 23
] 1
o | [pm— E 2| m——
-
£ E 1
L 05 =
- o
14 O o0
0 2 4 6 8 2 4 6 8
time [s] time [s]

patient stratification

Fast-scale model
(physics-based)

L

Fast-scale model
(physics-based)

0 50 0 50 0 50

F.Regazzoni, D. Chapelle, P. Moireau International Journal for Numerical Methods in Biomedical Engineering (2021)
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Application to epidemiology

Inferring the dynamics of transmission rate depending on exogenous variables (temperature, humidity) for epidemic
forecasts, with application to Influenza data from Italy between 2010 and 2020.

Latent parameter: unmodeled features of each virus strain

Transmission rate Cases
O O O 0.10 0.03 - noisy data
. \ /’f\\ x hi O O O ' N = reconstructed
smootning
% 4 x(t) @/ ,08 OO 0.09 - 0.02
- time (1 8 OO O—0
= @ OO O 0.01
7 0.08 0115
3 ~. S A e
‘S O O O T T T 0.00 1 T T T T T
A e PUE 'Y, SRR SE— - 0 100 200 300 0 10 20 eekz,o 0 50
R L R ORERORE X days w
B(t) &

E

B

: g- Exposed Infected
o E 0.04 0-08 1
E ¥
g P @ 0.03 - 0.06 -
2 $(t) = —B()S@) (1) 1 & z _
> . I1(t) : 0.02 1 0.04
: B(t) = B(1)S()1 (1) — aB(t) Lopa(t) e
% I(t) = aB(t) —~I(1) 0.01 ~ ground truth 0.02 A ground truth
Eu R(t) = ~vI(t) time (t) reconstructed reconstructed
= 0.00 - , : : 0.00 : . ;

0 100 200 300 0 100 200 300
days days

G. Ziarelli, S. Pagani, F. Regazzoni, N. Parolini, M. Verani, Computer Methods in Applied Mechanics and Engineering (2025)



Space-time Operator Learning
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Operator learning for of time-dependent problems

- Control of an engine

- Wind strength

- Price of an asset

- Strength of a social measure
- Dose of a farmakon

24
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Latent Dynamics Networks (LDNets)

Full-order model (FOM)
Ccil—j(x,t):f(x,z,u) x€e te(0,T)
y(x,t) = G(x,2) x€Q,te(0,T)

z(x,0) = zo(x)

Surrogate model

%S(t) = NNdyn(S(t)7 u(t); Wdyn) t€ (O’ T)

V(x,t) = NN ree(X,8(t); Wrec) xeQ, te(0,T)
s(0) = s

Training NN
s obs
*

rec — argmin ||§]<X’L7t’b> - yj(x’“t’i)H
Wdyn ;Wrec

* 2
Wdyn7 W

j=1 i=0

NN gyn
| o« AF
5 NN E
S ;; Owdyno O
O N 778 B
A 4 O
Oo—=0O
\ O O
a3 XA 3
" @ Sw.D 2
H @ OO 2
e o/l
4 = O—O0
NN rec

« Latent state s(t): low-dimensional encoding of the high-dimensional HF model state z(x,1t)
« Low-dimensional latent space discovered without the need of training an autoencoder
«  Meshlessrepresentation of the space-dependent output: weights sharing

mmm) | DNets never operate in the high-dimensional space

v Lightweight
v' Easytotrain
v Excellent generalization ability

F.Regazzoni, S. Pagani, M. Salvador, L. Dede’, A. Quarteroni, Nature Communications (2024)
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Test case #1: diffusion-reaction problem

Full-order model (FOM)
Orz(x,t) — P10z 2(x,t) + poz(z,t) = f(x,t)
z(=1,t) = z(1,1)
2(z,0) =0

fx,t) = uy(t) cos(mx — us(t))

zx e (—1,1),t e (0,T]
t € (0,77
x € (—1,1)

Goal: reconstruct z(x; ?)

« The solutionis a sine wave with the same period of Ax; ?)
« Ateachtime, the solutionis fully determined by amplitude and phase
« The solution manifold dimension is exactly 2

Are LDNets capable of learning a representation
of the solution with 2 latent states?

Francesco Regazzoni (MOX - Dep. of Mathematics - Politecnico di Milano)

Time-dependent input

Solution and forcing term

—— amplitude (normalized)
—— phase (normalized)

— u(x, t) - FOM
=== u(x,t) - ROM
— fix,t)

N i
D

t

Full-Order Model

X

Reduced-Order Model

26
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Test case #1: diffusion-reaction problem Accuracy vs training set size
«10-3 NRMSE s 1—p
Training/validation set: Testing set: l AL B B : T T TN
100 samples + 1000 samples o} ;

+ 100 pointsin space
+ 100instantsintime

~
- -
UII « 100 pointsin space

« 100 instantsintime

LD

sample #1 || sample #2 Pl P T L o I TP P
FOM ROM|| FOM ROM|| FOM ROM 25 50 100 200 400 25 50 100 200 400

num. training samples num. training samples

Discovered latent space vs Fourier space
Re(%(1/2)) Im(%(1/2))

A compact encoding equivalent to the Fourier
transform is automatically discovered

-
-
% ’
Yoy

F.Regazzoni, S. Pagani, M. Salvador, L. Dede’, A. Quarteroni, Nature Communications (2024)
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Test case #2: cardiac electrophysiology

Goal: Learning the excitation-propagation dynamics of an excitable tissue

Francesco Regazzoni (MOX - Dep. of Mathematics - Politecnico di Milano)

FOM POD-DEIM AE/LSTM  AE/LSTM-e2e AE/ODE AE/ODE-e2e LDNet
. . 100
stimulation
points
50 4
1D substrate 0
0 t 500 0 t 500 0 t 500 0 t 500 0 t 500 0 t 50010 t 500
100
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F.Regazzoni, S. Pagani, M. Salvador, L. Dede’, A. Quarteroni, Nature Communications (2024)
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Test case #2: cardiac electrophysiology

LDNets outperform state-of-the-art approaches to learn space-time dynamics:

V' 5times more accurate
v' Better generalization (lower overfitting)
v' 10 times fewer parameters

NRMSE

1071 b

10-2 ]

dataset
[ train
B test

25000

Francesco Regazzoni (MOX - Dep. of Mathematics - Politecnico di Milano)

number of trainable parameters
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W decoder/ reconstruction
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[ encoder I
T T T
N & &
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F.Regazzoni, S. Pagani, M. Salvador, L. Dede’, A. Quarteroni, Nature Communications (2024)



PART I

Operator Learningin
variable domain
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Universal Solution Manifold Network (USM-Net)

Operator learning method that learns the solution map underlying a PDE, in a universal manner w.r.t. the domain

Full-order model

F(usp) =0, InQ — Parametric PDE solution u(x; p, €2)
Boundary conditions

x € R4
physical o]
Q coordinates * K
= physical m :
QO c R4 = parameters o] AN
Dom?m encoding 3 ry tout field
- unction _ shape ° outputfie
domain Q — N > code Z|o
z=®(N) e RY- L
Physical-coordinate based USM-Net (PC-USM-Net)
Nsamples points
Training:  w*=argmin Y > flu(xs; gy, Q) — NV (1, %5, ()3 w)||’

7j=1 1=0
F.Regazzoni, S. Pagani, A. Quarteroni, ASME Journal of Biomechanical Engineering(2022)
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Universal Solution Manifold Network (USM-Net)

Operator learning method that learns the solution map underlying a PDE, in a universal manner w.r.t. the domain

Full-order model

F(usp) =0, InQ — Parametric PDE solution u(x; p, €2)
Boundary conditions

x € R4 . .
, Universal coordinate T , .
physical — system {X®y  universal e
coordinates . N — \_ / coordinates e
x=V¥(x;Q) 7 . o]
= physical [L|®
O c R4 = parameters ' |eo| NN
Dom?m encoding . ) fout il
- unction _ shape ° outputfie
domain Q -1 N > code Z|o
z=®(N) e RY- ]
Universal-coordinate based USM-Net (UC-USM-Net)
samples po1nts
o 2
Training: ~ w" = argmin Z Z [ w(xis g, 25) — NN (j, U (x4, 9), @(;); w)|

F.Regazzoni, S. Pagani, A. Quarteroni, ASME Journal of Biomechanical Engineering(2022)
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Domain encoding functions

1. Parametrized domains

rcos@
Define the shape code as the parameters defining the domain ! <9> - [’Si“"]

r2

where 0 £0 <27 5q0 < r<2.

2. Landmarks (coordinates of key points)

Shape codes are defined as the coordinates of key points
(automatically or manually annotated)

5. Statistical shape modelling coefficients

Perform Principal Component Analysis (PCA) on
point clouds defining the training geometries, then
define the shape codes as the coefficients
associated with the first A, principal directions

credits: D. Carrara, M. Hirschvogel

4. Signed distance function (SDF) encoding

(We will see later)
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Test case: blood flow ina bifurcating domain

Goal: predict the velocity and pressure field in a coronary bifurcation for an unseen geometry

0.2

( )
Universal
—» | coordinate
System
\_ J
Top-down coordinate  <seeeeseess=""" . s eft-right coordinate
1.00 1.0
0.75 -
0.50 0.8
8.38 : 0.6
025 ° 04 =
—0.50
—a —0.75 .
. —1.00 0.0
| ([ —AYp =0 in Q,
é _ . ( .
i Yop =+ + (1 — “)ﬂ on [p, —AY g =0 in Q,
1 Xmax — Xmin lpLR =0 on l"im
: Conf _ X — Xmin < =1 I I
! lpTD = —0— (1 - OC) on I'vottom, 'ﬁLR - on 1 oy Ul frone,
s 9 Xmax — Xmin X — Xmin
| ®%4 o lpLR = . on 1—‘top U I'bottom
; —ID _ 0 on 1—‘in U 1—‘out U I_‘front \ Xmax Xmin
0.0 ¢ ( On

['
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Results

velocity

pressure

15 20 25 30

10

0.2 0.3 0.4 0.5 0.6

0.1

AIG AN
AMA AN/
AN AAne
AMAA A/

0.0

Francesco Regazzoni (MOX - Dep. of Mathematics - Politecnico di Milano)

35

é Model type

0.0350
Il PC-USM-Net
0.0325 @ UC-USM-Net
g
£ 0.0300 -
=]
15)
Booms| ~ E=Em
%’ ¢
o 0.0250
% —
< 0.0225 -
-~
0.0200 - ’ i
0.0175 4 r ;
6 landmarks 26 landmarks

Good generalization even with
few landmarks

Universal coordinate system
allows to increase the accuracy

F.Regazzoni, S. Pagani, A. Quarteroni, ASME Journal of Biomechanical Engineering(2022)



Signed Distance Function encoding
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Encoding domains through the associated signed distance function

0 C R4 Signed distance function (SDF)

_Jd(x,09) ifxeQ,
“ “ SDFa(x) = {—d(x, 80) ifx ¢ Q,

37
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Encoding domains through the associated signed distance function

Deep SDFs [J.J. Park et al. Proceedings of the IEEE/CVF (2019)]

Training:

NN spr

INnference:

space B
domain o )
®
o] ANNgpr Em(
Q c R¢ — Z|g
o

N Npoints
. 2
{Z; j'vzlawgDF = argmin Z Z ’SDFQj (%) _NNSDF(XuZﬁWSDF)‘

Zjsj>WSDF j—=1 =0

ZN

CAdAgad B

Npoints QN+1 ZN+1
: 2
Zy 4, = argmin Z ISDF . (x5) — NN spR (X, 2N 413 Wipp)| D

ZN+1 i=0

38
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Encoding domains through the associated signed distance function

X2
Space
domain
X X’_‘ Vi
x € R¢
physical —_— 7X O universal e
coordinates \.__/ coordinates [e|
- [ ]
= physical °
O c R4 = parameters K o (o] ~ u(x;u, Q) l
[ ] .
- shape output field
domain Q —1 > codpe Z E P

JV’N SDF

S
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Results (SDF-USM-Net)

Ground Truth (Pressure) . Pressure Ground truth (Velocity) & 100 Velocity
0]
—0.410 g 10 == Train / 23.26 g =@= Train

~ =0 Test ~ =0 Test
—~ —— —
ERUNE £ 107

L0364 = 2067 2
5 i i . . 5 . i - -
= 8 10 12 14 = 8 10 12 14

Dimension Dimension
Naim = 7 (Pressure) r0.318 Naim = 7 (Pressure Error) Naim = 7 (Velocity) 18.09 Naim = 7 (Velocity Error)

/ ' — 0.087 / P -
o \ 0.077 4.92
0.225 0.067 F12.92 4.31
Ngim = 10 (Pressure) Ngim = 10 (Pressure Error) L 0.058 Naim = 10 (Velocity) Naim = 10 (Velocity Error) 1 3.69
0.179 - -10.34
e
-0.048 F3.08
0.133 .
 0.039 775 -2.46
0.087 0.029 5.17 1.85
Naim = 11 (Pressure) Ndgim = 11 (Pressure Error) Ndgim =11 (Velocity) Ndim =11 (Velocity Error)
0.019 / 1.23
- 0.041 — 2.58
0.010 0.62
-0.005 0.000 0.00 0.00

L. Zhang, S. Pagani, J. Zhang, F. Regazzoni, arXiv (2024)
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Landmarks vs SDF-based shape codes

Pressure Velocity

Landmarks Landmarks

Shape codes Shape codes

f
Landmarks+DF Landmarks+DF
—
Shape codes+DF e Train Shape codes+DF P Train
. m Test  Test
4x1072 5x 1072 6x 1072 5x1072 6x1072 7x1072 8x10729x 1072 10-1
Relative L, Error Relative L, Error

» We provide as additional feature the distance function (DF) from the Dirichlet boundary:

___\—/——_— 0.20
0.15
0.10 DF

. 0.05

0.00

L. Zhang, S. Pagani, J. Zhang, F. Regazzoni, arXiv (2024)
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Test case: perforated plate under load (variable topology)

[=]
‘.g « Ground Truth
::}’ O . Reconstruction
z O O
g O We benchmark SDF-based shape codes
[} . . .
z O against the exact parametrization
g . .
g O (coordinates and radii of the holes)
wn
0.081 0.101 0.085
o=
3 Io.o72 lo.ogo 0.092 I0.0?G
L e Trai
E L0.063 L0.079 0.081 -0.066 —Tost.
(o]
G r0.054 -0.068 r0.069 -0.057 Shape codes + DF
L0.045 L 0.056 r0.058 -0.047
L0.036 L0.045 r0.046 ‘ £0.038
< 0.027 ' 10.034 0.035 0.028
°
< 0.024
§ 0.018 0.023 0.019 Explicit parameters + DF
= 0.009 0.012 0.012 : 0.010
0.000 0.001 0.000 .
102 2x1072 3x10724 x 1072 6x 1072
0.010 0.009 0.010 0.004 Relative L, Error
A 0.007 0.007 0.007 0.003
| &
g » 0.005 0.005 0.005 0.002
[ J 0.002 0.002 0.002 0.001
0.000 0.000 0.000 0.000

L. Zhang, S. Pagani, J. Zhang, F. Regazzoni, arXiv (2024)
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