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Failure of traditional wisdom Ana—=s 1N

Large complexity = Large generalization gap

Generalization Gap
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Traditional wisdom: complex models easily overfit




Long-standing problems s=zsorul )

Leo Breiman
1 9 9 5 Statistics Department, University of California, Berkeley, CA 94305;
e-mail: leo @stat.berkeley.edu

Reflections After Refereeing Papers for NIPS

Why don’t heavily parameterized neural networks overfit the data?

What is the effective number of parameters?

Why doesn’t backpropagation head for a poor local minima?

When should one stop the backpropagation and use the current parameters?

How (overparameterized) neural networks control the
complexity of output function during nonlinear training?




Condensation Phenomenon F
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Illustration of Condensation
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Initial: Neurons different After training: Clustered Effective small net
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Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang,

Phase diagram for two-layer ReLU neural networks at infinite-width limit, Journal of Machine Learning Research (2021)



1d example: condensation with small initialization-— ; |

m relu(z) = max(0, z)
fo(x) = Z a; relu(w;x + b;) A; = |aj|\/wj2 +b?
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Small initialization: a;(0), w;(0), b;(0)~N (0, 0 %) with small o




Evolution trajectory: change significantly - — |/
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Evolution trajectory: change significantly - — |/
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on MNIST Ag=rsorull
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Condensation in transformer A== 1l
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Zhi-Qin John Xu, Yaoyu Zhang, Zhangchen Zhou, “An overview of condensation phenomenon in deep learning,” arXiv:2504.09484 (2025).
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Regime of Condensation

1.Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang, “Phase Diagram for Two-layer ReLU Neural
Networks at Infinite-Width Limit,” Journal of Machine Learning Research (JMLR) 22(71):1-47,
(2021).

2.Hanxu Zhou, Qixuan Zhou, Zhenyuan Jin, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu, “Empirical
Phase Diagram for Three-layer Neural Networks with Infinite Width,” NeurlPS 2022.
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Normalization and scaling parameters P S o}

» Two layer ReLU network

fo(x) = 1 > ago(wlz)  a) ~ N(0,|57), wy ~ N(0,|55a)
k=1

x =[x, 1]"

Wi = [WI{' bk]T

87

» Normalized gradient flow
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Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang,

Phase diagram for two-layer ReLU neural networks at infinite-width limit, Journal of Machine Learning Research (2021)



Regime separation -- theorems

MJTUJ— o

Small y (large init) — Linear/NTK regime

Theorem 1%*. (Informal statement of Theorem 6) If v <1 or~" > v — 1, then with a high
probability over the choice of 8°, we have

;o 1o )
lim sup RD(O,(t)=0. I f§(x)==> apo(w]x) I
M—+00 4210 1 o0) (0w (1)) I Q ]; & I

I 6y = vec({wy} ) I

1 _ 0w(®) = 0w (02 ::

Large y (small init) —» Condensed regime S 2

Theorem 2*. (Informal statement of Theorem 8) If v > 1 and ' < v — 1, then with a
high probability over the choice of 8°, we have

lim  sup RD(8y = 400. 21
Jm s RD(@() (21)

Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang,

Phase diagram for two-layer ReLU neural networks at infinite-width limit, Journal of Machine Learning Research (2021)



Initialization scheme A=l
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Name N 3 3 K K 8l 8
1 2 logl/k . log 1/k’
(related works) (51@52 ) (%) (ml_mo 1§g41, ) (mlﬂloo ligv/n )
LeCun | /1 1 1 [d 1 !
(LeCun et al., 2012) m d md m 2 2
He 1 /2 2 4 [d 1 1
(He et al., 2015) m d md m 2 2
Xavier 1 2 2 \/ 4 m4-d 1 0
(Glorot and Bengio, 2010) m+1 m+d (m+1)(m+d) m+1
NTK
ym 1 1 L 1 5 0
(Jacot et al., 2018) m
Mean-field
(Mei et al., 2018) m 1 1 = 1 1 0
(Sirignano and Spiliopoulos, 2020)
(Rotskoff and Vanden-Eijnden, 2018)
E et al.
]_ /8 ]_ /8 /8 mlgn 00 I?Eglf:{lﬁ mlgn oo l(l)fglvgmﬁ

(E et al., 2020)

Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang, 7 ‘/“ ,; )’){ ﬁ )ﬁ j‘{i

Phase diagram for two-layer ReL.U neural networks at infinite-width limit, Journal of Machine Learning Research (2021) B AGHAL 10 TONG ONIVERATY




When condensation happens (at infinite width limit)? [~

Phase Diagram

| | Linear regime

| Condensed regime
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e - - E atel. (2020)
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Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang, 7 ‘/“ ,; )’){ \ﬁr )ﬁ j‘{i
Phase diagram for two-layer ReL.U neural networks at infinite-width limit, Journal of Machine Learning Research (2021) P ——




Feature distribution across the phase diagram .~
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Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang,

Phase diagram for two-layer ReLU neural networks at infinite-width limit, Journal of Machine Learning Research (2021) L



Loss landscape structure
underlying condensation

1.Yaoyu Zhang, Zhongwang Zhang, Tao Luo, Zhi-Qin John Xu, “Embedding
Principle of Loss Landscape of Deep Neural Networks,” NeurlPS 2021 spotlight.

2.Yaoyu Zhang, Yuqing Li, Zhongwang Zhang, Tao Luo, Zhi-Qin John Xu,
“Embedding Principle: a hierarchical structure of loss landscape of deep neural
networks,” Journal of Machine Learning, 1(1), pp. 60-113, 2022.
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Typical training behavior (small init)
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10

Width-500 tanh-NN (~1500 parameters)




Trajectory of training loss Ag=zsorul L

—— width-500
2] ==- width-1
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Intermediate condensation
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Training of width-500 tanh NN
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Zhang, Zhang, Luo, Xu, NeurlPS 2021 spotlight.
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Zhang, Li, Zhang, Luo, Xu, Journal of Machine Learning 2022.
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Condensed critical points for intermediate stage—--

ose Embedding Principle
(informal Theorem)
The loss landscape of any network contains”
all critical points of all narrower networks.

10_11

1072/
Equivalent Statement

C C
Tnarr < wide’

where F¢ = {fy(:)|VRs(60) = 0}.

10—3_

epoch

Observation:

Width similarity Implication of theory:

simple condensed critical points are common

Zhang, Zhang, Luo, Xu, NeurlPS 2021 spotlight.

Zhang, Li, Zhang, Luo, Xu, Journal of Machine Learning 2022.



Example: identification of critical points and functions

500 tanh neuron

N ) o

///r D / ) N :

2/ ng ¢ oy i

Zhang, Zhang, Luo, Xu, NeurlPS 2021 spotlight.

Zhang, Li, Zhang, Luo, Xu, Journal of Machine Learning 2022.



Embedding principle P o
One-step splitting embedding T: RMnarr — RMwide

N e e R L SR
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S d o

Theorem: One-step splitting embedding T with 0,jge = T(Opnarr) satisfies:

(i) output preserving: fp _(x) = fp .. (X);
(ii) criticality preserving: If VRs(0,,) = 0, then VR(0yige) = O.

Zhang, Zhang, Luo, Xu, NeurlPS 2021 spotlight.

Zhang, Li, Zhang, Luo, Xu, Journal of Machine Learning 2022.



Existance of condensed critical points---embedding principle |

Initial: Neurons different After training: Clustered Effective small net
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Generalization advantage o
condensation

1. Yaoyu Zhang, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu, Linear
Stability Hypothesis and Rank Stratification for Nonlinear Models. arXiv:2211.11623, (2022).

2. Yaoyu Zhang, Zhongwang Zhang, Leyang Zhang, Zhiwei Bai, Tao Luo, Zhi-Qin John Xu,
Optimistic Estimate Uncovers the Potential of Nonlinear Models. arXiv:2307.08921, (2023).

3. Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, Local Linear Recovery
Guarantee of Deep Neural Networks at Overparameterization. JMLR (2025) Accepted
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Generalization consequence of condensation  — - |

Large initialization
(no condensation)

output epoch=49999

Small initialization
(Strong condensation)
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How many samples are required to recover f*? — . ;|1

optimistic
estimate

| }W Condense A classic

¢ © o ¢ ¢ estimate

NNC NNA (quﬂV)




Optimistic sample size estimate Ae=a
Model:

F:RM - F c C(RY)
Model rank:

rg = dim span {agiF(e)(')}?il

Optimistic sample size (f* € F) :

O = eezglilr(lf*) e F7H(f7): Target set

Intuitive procedure:

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai,

Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. JMLR (2025) Accepted



Optimistic estimate vs. experiment
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Theorem 5 (optimistic sample sizes for two-layer tanh-NN). Given a two-layer NN fo(x) =
S a;tanh(wlz), z € R%, 0 = (a;,w;)™4, for any target function f* € Fo \Fpoy with
0 < k < m, the optimistic sample size

Oy, (f*) = k(d + 1). vs. | m(d+1)
optimistic #parameters
O =21 M = 2100
100X -. _ -
practical

(well-tuned)

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai,

Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. JMLR (2025) Accepted



Impact of width—Deep NNs As=esul

—— — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — —

| and for any f* € Fpare, we have|O g, . (f*) <Oy () < Myarr-
\ ___________________ wilde parr - - |

h 4

wider network is sample efficient

. . . - > A \)/
Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai, : /),; Xiﬂ,)t ?

Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. JMLR (2025) Accepted SHANGHAI A0 TONG UNIVERSITY



Impact of connection (architecture) g=rsull

Adding (unnecessary) connections reduces sample efficiency

MNIST k-kernel, kernel size: 3x3
1 000X »CNN: 685k samples
worse! »CNN (no sharing) : 6760k samples

»FNN: 530660k samples

Yaoyu Zhang, Leyang Zhang, Zhongwang Zhang and Zhiwei Bai,

Local Linear Recovery Guarantee of Deep Neural Networks at Overparameterization. JMLR (2025) Accepted



Condensation——hen with golden eggs A=< Ul

Il matrix facotrization i Main collaborators: :
' Zhigin John Xu (SJTU),,
' Tao Luo (SJTU) |

limplicitbias o ____Ll_______ 1

[l one neuron recovery
A4 Global dynamics

Condensation

Il near O Il reasoning

A5 Language model

A2 loss landscape

| initialization impact
A1 Regime

[,I embedding principle

V critical sets [l compositional

| phage diagram two-layer generalization

IV embedding in depth

Il three-layer

See more works on my personal website: https://yaoyuzhang1.github.io/ YIELEA%
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FAU MoD Course
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