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Random
vectors

H(v;Q, Py)
/Z Dz~ Py
« GAN: two-player game for learning O.  Probability divergence
« Generator g : Z — X D};(QHP ) = mearx H(y; O, P,)
e Discriminatory : X — | :
. Discrepancy H(y; 0, P,) . e.g., Wasserstein distance: | = Lip, (X)

. e.g9., H(y; O, Pg) = —Q[y] — [, |/] . GAN: IIllIlDII;(QHP ) = minmax H(y; O, P )
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Many real-world data have intrinsic structures

Equiprobable

/\

* An image and its rotated copies should have
the same likelihood/probability.

* () has group symmetry: invariant under

1. Ciompi et al., Zenodo 2019; 2. Borovec et al., IEEE Transactions on Medical Imaging 2020
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GAN with embedded structure

X22r~Q —

g:24 — X v: X — R

Generator Discriminator

/ Dz~ Py —> XBQ(Z)NPQ_’

min D};(QHPg) = minmax H(y; O, P,), (O is 2-invariant
geC geG yel

 Target distribution O is invariant to a group 2..

 How to incorporate such structure into ¢ and y?
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Theorem [Birrell, Katsoulakis, Rey-Bellet, Z., ICML 2022]

If P, is Z-invariant and g : Z — X is 2-equivariant, the generated measure P, is 2.-invariant.

« Symmetry information of O can be built into a “smarter” generator.
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Under mild assumptions on 2. and | | if the distributions P, O are 2-invariant, then
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o Fiznv is the subset of I ' that includes only 2-invariant “smarter” discriminators.
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Theorem [Birrell, Katsoulakis, Rey-Bellet, Z., ICML 2022]

Under mild assumptions on 2. and | | if the distributions P, O are 2-invariant, then

nv

sup,r H(y: 0. P) = D (Q|IP) = D'> (QIIP) =sup, _iny H(y; Q. P),

o Fiznv is the subset of I ' that includes only 2-invariant “smarter” discriminators.

» We only need to optimize over the smaller subset Fg“’ to “compute” the divergence D' (O||P).
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Topics

* How can we impose symmetry in generative models (GANSs)?
* How can we quantify the performance gain?

« How can we flexibly impose general structures in diffusion models?
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e Question: How much more accurate is the new estimation?




Maximum Mean Discrepancy (MMD)

. MMD(Q, P) = sup{E,[y] — Eply]}. I"is the unit ball in some RKHS 7 with kernel k(x, y).
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Let 2. be a finite group acting on X, and P, O are 2-invariant. With high probability,
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Maximum Mean Discrepancy (MMD)

 Chen, Katsoulakis, Rey-Bellet, Z., “Statistical Guarantees of Group-Invariant GANs”, SIAM J. on
Uncertainty Quantification (2025)

* Chen, Z., “On the implicit bias of linear equivariant steerable networks”, NeurlPS (2023).
2T 21 2T
— — S = —
24 96

S

o O [} [}

S S S

D 05 \ 7! N

2\ 3 3

o - Py Py

O O O

S S S

9'1.5” e') e')

g g g

A 2l | | I A él , | A -4l | |
0 50 100 150 200 0 50 100 150 200 0 50 100 150

number of samples number of samples number of samples

200



Topics

* How can we impose symmetry in generative models (GANs)?
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Forward SDE (data — noise)

dx = f(x,t)dt + g(t)dw

song et al., ICLR 2021
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dx = [f(x,t) — ¢°(t)Vx log p: (x)| dt + g(t)dw

Reverse SDE (noise — data)

X(0) ~ QO (data distribution) « Embed structure (flexibly!) in 7
X(71") ~ 7 (tractable prior/reference distribution) * Multimodel, approximate group symmetry, low-
Embedded structure in score function dimensionality, etc.

S(x, 1) = V_log p(x, 1) . Tractable reference distribution close to O

Rigid... . Requires nonlinear drift /(x, 1), special training.
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Nonlinear denoising score matching (NDSM)

Forward SDE (data — noise)

dx = f(x, t)dt + g(t)dw

score functlon

[f(x t) & log ¢ ( ]] dt + g(t)dw

Reverse SDE (noise — data)

* Denoising score matching

min E § AOE ) Euppao) | So(0: ) = Vi log 2o (x(7) | x(0))

e D0 (x(t) \x(())) has closed form formula for Ornstein-Uhlenbeck (OU) processes.

. For nonlinear forward SDE, e.g., Langevin dynamics, p, (x(t) \x(O)) is not known.
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Multimodal distribution
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Multimodal distribution
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Approximate group symmetry




Approximate group symmetry
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Data-driven structure discovery
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