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• —unknown target distribution.(x1, ⋯, xm) ∼ Q
• Learn a “mechanism” to generate new samples

(y1, ⋯, yn) ∼ Pg

•  is the generated distribution.Pg

• Q ≈ Pg

Question: How to achieve this?

x1, ⋯, xm ∼ Q (y1, ⋯, yn) ∼ Pg
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• GAN: two-player game for learning .Q
• Generator g : Z → X
• Discriminator γ : X → ℝ
• Discrepancy H(γ; Q, Pg)

• e.g., H(γ; Q, Pg) = 𝔼Q[γ] − 𝔼Pg
[γ]

• Probability divergence

• e.g., Wasserstein distance: 

DΓ
H(Q∥Pg) = max

γ∈Γ
H(γ; Q, Pg)

Γ = Lip1(X)

• GAN:  min
g∈G

DΓ
H(Q∥Pg) = min

g∈G
max
γ∈Γ

H(γ; Q, Pg)
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Many real-world data have intrinsic structures

ANHIR2LYSTO1

Q

1. Ciompi et al., Zenodo 2019; 2. Borovec et al., IEEE Transactions on Medical Imaging 2020

Equiprobable

• An image and its rotated copies should have 
the same likelihood/probability.

•  has group symmetry: invariant under 
rotation.
Q
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GAN with embedded structure

• Target distribution  is invariant to a group . Q Σ

• How to incorporate such structure into  and ?g γ

 min
g∈G

DΓ
H(Q∥Pg) = min

g∈G
max
γ∈Γ

H(γ; Q, Pg), Q is Σ-invariant
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Theorem [Birrell, Katsoulakis, Rey-Bellet, Z., ICML 2022]


If  is -invariant and  is -equivariant, the generated measure  is -invariant.PZ Σ g : Z → X Σ Pg Σ

• Symmetry information of  can be built into a “smarter” generator.Q
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Theorem [Birrell, Katsoulakis, Rey-Bellet, Z., ICML 2022]


Under mild assumptions on  and , if the distributions  are -invariant, then


 ,

Σ Γ P, Q Σ

supγ∈Γ H(γ; Q, P) = DΓ(Q∥P) = DΓinv
Σ (Q∥P) = supγ∈ΓinvΣ

H(γ; Q, P)

Theorem 2: “smarter” discriminator

•  is the subset of  that includes only -invariant “smarter” discriminators.Γinv
Σ Γ Σ

• We only need to optimize over the smaller subset  to “compute” the divergence .Γinv
Σ DΓ(Q∥P)
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What is the reason behind the improvement?

 are -invariant  P, Q Σ ⟹ DΓ(Q∥P) = DΓinv
Σ (Q∥P)

• Question: How much more accurate is the new estimation?

• Reducing  to  can provide a better empirical estimation for .
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• Then  are -invariant, for .P, Q Σ Σ = C1, C4, C16, C64

• Consider the Gaussian kernel with bandwidth s

ks(x, y) = exp (− ∥x − y∥2

2s2 )
• Question: is the estimation more accurate as |Σ | ↗
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Maximum Mean Discrepancy (MMD)

s = 2π
24 s = 2π

96 s = 2π
384

• Chen, Katsoulakis, Rey-Bellet, Z., “Statistical Guarantees of Group-Invariant GANs”, SIAM J. on 

Uncertainty Quantification (2025)

• Chen, Z., “On the implicit bias of linear equivariant steerable networks”, NeurIPS (2023).
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General structures? Diffusion models?

Song et al., ICLR 2021

•  (data distribution)x(0) ∼ Q
•  (tractable prior/reference distribution)x(T) ∼ π
• Embedded structure in score function

S(x, t) = ∇xlog p(x, t)
• Rigid…

• Embed structure (flexibly!) in π
• Multimodel, approximate group symmetry, low-

dimensionality, etc.

• Tractable reference distribution close to Q
• Requires nonlinear drift , special training.f(x, t)
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Nonlinear denoising score matching (NDSM)

• Denoising score matching

min
θ

𝔼 {λ(t)𝔼x(0)𝔼x(t)|x(0) [Sθ(x(t), t) − ∇x(t)log pt|0 (x(t) |x(0))]}
•  has closed form formula for Ornstein-Uhlenbeck (OU) processes.pt|0 (x(t) |x(0))
•  For nonlinear forward SDE, e.g., Langevin dynamics,  is not known.pt|0 (x(t) |x(0))
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Approximate group symmetry

OU+DSM OU+DSM, Sym scores GM+NDSM
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