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lllustration of Condensation

Initial: Neurons different After training: Clustered Effective small net

Condense

Embedding

- w. = w f() =
f@ =) motwlx  “1ZEr (a1 + az)o(wlx) +
i=1 3 74T (a3 + a4 + as)o(wix)

Initial:random Training:condense Effect:equiv to small net
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Small initialization: 4;(0),w;(0),b;(0)~N(0,6*) with small ¢

fo(x) :2 ajrelu(w;x + b;)
=1

—— Test

True

],

Aj = |aj] \/w]z + bJZ

180°
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Evolution trajectory: change significantly

90° 90°

o final stage o final stage e final stage
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(a) epoch=100 (b) epoch=1000 (c) epoch=3000
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change significantly

e final stage e final stage

180° 0° 180°

270° 270° 270°

(d) epoch=5000 (e) epoch=10000 (f) epoch=100000
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Condensation in CNN on
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Cosine similarity:

'u,I'U,g

D(uy,uq) =

100% training and 97.62% test accuracy
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Condensation in transformer

Low ID Acc High ID Acc
Low OOD Acc Low OOD Acc
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Neuron Index

Tow

h
Ap(X) = Z softmax
i=1

Vd

XWy,Wo,
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Regime of Condensation

1.Tao Luo, Zhi-Qin John Xu, Zheng Ma, Yaoyu Zhang, “Phase Diagram for Two-layer ReLU Neural Networks at
Infinite-Width Limit,” Journal of Machine Learning Research (JMLR) 22(71):1-47, (2021).

2.Hanxu Zhou, Qixuan Zhou, Zhenyuan Jin, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu, “Empirical Phase
Diagram for Three-layer Neural Networks with Infinite Width,” NeurlPS 2022.
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e Data: {xl- E]Rd,yi EIR}

* Two layer ReLU network

n

=1

o) = 1 Zaka(wga})

ay) ~ N(0,

e | Nac

Rs(0) = — > (fg'(z:i) —wi)*.

04

k=1

Bi), wi ~ N(0,}3

1

n

2n

=1

» Gradient flow dynamics

do

— = —VgRs(0).

dt

X = [xT,l] !

wy = |wf fbk]T

Overparameterized setup:

M=m(d+1)>n,

Properties:

1. Global minima is M—n dimensional
(proved by Yaim Cooper 2018)

2. Often non-overfitting

3. Evolution of 6 (t) and 0 (o0)

depend on «,51,5>

Goal:
|dentify dynamical regimes of training
over a,f1,5, at infinite-width limit.



Initialization methods with their scaling parameters g/

Name ! 3 3 K K Y Y
! 2 B18 B ; log1/K log 1/’
(related works) (—la—z) ( 2 ) (mlﬂpoo %T%) (mlﬂpoo %gmL)
LeCun ] \ﬁ \ﬁ 1 \/E i I
(LeCun et al., 2012) o d md e 2 2
He 1 /2 \ﬁ 4 [d 1 1
(He et al., 2015) m d md m E 2
(Glorot and Bengio, 2010) m+1 m+d (m+1)(m~+d) m+1
NTK
vm 1 1 i 1 : 0
(Jacot et al., 2018) m
Mean-field
(Mei et al., 2018) m 1 1 L 1 1 0
(Sirignano and Spiliopoulos, 2020)
otskoftf and Vanden-Eijnden, 2018
Rotskoff and Vanden-Eijnd
E et al
* A logl/3 . log1/8
1 B 1 B p L T e Tog

(E et al., 2020)
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* Two layer ReLU network

fo(@) =23 ao(wle) ) ~ NOBY, wl ~ NOBIL) -

0

* Normalized gr_adient flow

_ . _ . -
ar = B ag, W =Py wg, =

m
dak - =T
= ——— Z KO wkmz K Z Clk'U(’wk/’Ii) —Yi |,

d ] m
% = —k = Znaka (W] x;)x; (n Z o (W], x;) — yi) :

« Scaling parameters and infinite-width limit

5152 / b1 , log K , _ log
= K = — v= lim — , v = lim —

a T ﬂ27 m—oo  logm m— 00 logm =g T




Pressure —j

low

Solid

(high pressure

temperature)

B :
: (high temperature
: low pressure)

 Phase diagram for matter

distinctive states of matter <-> environment
(phase transition happens at infinite size
limit)

solid, liquid, gas <-> pressure, temperature
 Phase diagram for two-layer ReLU NN

training dynamics <-> initialization (m — o)
? <->7?

Identification of coordinates of phase diagram (in analogy to pressure,

A, = S :
T Temperature —
temperature)
1. Effectively independent

2. Dynamical similarity
3. Differentiation capability

. log B1Ba /. , . log B1/ B
v= lim — , ¥ = lim —
m—00 logm ™M—500 logm
7 W N\TATIJTU
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Phase Diagram

| Linear regime

| Condensed regime
== Critical regime

Examples:
. ® Xavier, Mean field
7 (12,00 |(1,0) A NTK
5 - - E atel. (2020)
P ¥ LeCun, He

a; ~N(0,87), w) ~ N(0,B1,)

. _logﬁlﬁz/a 7 = T _logﬁl/ﬁz

m—00 log m m—00 log m

7y=1 —
7 | \THa1oJdl m




Typical cases across the phase diagram

Linear regime critical regime condensed regime
0.21 0.21 0.21
/ — O Yy y y
Y 0.1 0.1
0.0
—-0.5 0.0 0.5 0.5 0.0 0.5 -0.5 0.0 0.5
X X X
(a) vy=0.5 (b) y=1 (¢)y=1.75
1.0]- 1.01 -
& m 1.01 . :
_ " W A
A=lallwla A
:
0ol B - l | I. |
-2 0 2
orientation orientation orientation

fo(x) = 1 Zako(w;w)
k=1 (d) y=0.5 (e) y=1 (f) v=1.75



Regime identification

* Linear regime (with ASI)

fo" = Voo - (8(t) —0(0)).
e Relative distance

_ 102 (t) = 0 (0)l]2.

RD (6, (t
Gl = 0001
As m — oo,
e Linear regime: sup. RD(6(t)) = 0
te[0,4+00)

» Condensed regime: 2P | RD (81 (1)) — +00

» Critical regime: sup RD(6(t)) — O(1)

t€[0,+00)

f3(@) = = 3 anolw]a)
k=1

0 = vec({wy i)
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Scaling analysis

* Two layer ReLU network at infinite-widt
1

N limit

fo(x) ==Y aro(wlz)  a ~ N(O,57
k=1

), wd ~ N(OJ5AL,)

0

6182 ;B
W = Pl

v ? T /827

» “capability” of NN: C =mpi82/a =mx >

Ko 1

0(1)

« output-layer dominant: C = mB:E(|a|)/a < mB3/a = mk/K .

/" > 1/mk
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Regime identification through experiments Pl

log RD(8;,)
/) — S., = lim w
7/ _O = m—00 logm
10-2 RD(6,,) RD(6,,) 102 RD(6,,) 0.5 Sw
. e data e data )
10" slope=0.007 slope=0.372
0.0
e data ¢ - t
10-3]— slope=-0.506 . 10 5
o108 0 g8 10° To% 9205 10 15
m m m Y
(a) vy =0.5 (b) v = (&)= 1L.75 (d) Sy vs. v
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e d
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—0.2
—0.3
—0.4

0.7 0.8 0.9 1.0 1.1 1.2 1.3
1%
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e d

Blue: m =103
red: m = 104
Yellow: m = 10°

{(Aka wk)}?:l
A = [a|[|wll2

0.0

-0.1

-0.2

-0.3

() = é S o (w]x)
k=1

0.70 0.80 090 1.00 110 1.20 1.30 o [




P

Blue: m =103
red: m = 104
Yellow: m = 10°

{(Akv wk) }?knzl

= |al[lwll2

0.70 0.80 0.90 100 1.10 1.20 1.30 L m\=rsuTull ]




Regime separation -- theorems

Theorem 1*. (Informal statement of Theorem 6) If v < 1 or~" >~ —1, then with a high
probability over the choice of 8°, we have

lim  sup RD(0y(t)) = 0. (20
M— 100 t6[0,+00) ( ) )

Theorem 2*. (Informal statement of Theorem 8) If v > 1 and v < v — 1, then with a
high probability over the choice of 8°, we have

lim  sup RD(0(t)) = +o0. (21)
m—r1+00 tE[O,—l—OO)
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Phase Diagram

| Linear regime

| Condensed regime
== Critical regime

Examples:
. ® Xavier, Mean field
7 (12,00 |(1,0) A NTK
5 - - E atel. (2020)
P ¥ LeCun, He

a; ~N(0,87), w) ~ N(0,B1,)

. _logﬁlﬁz/a 7 = T _logﬁl/ﬁz

m—00 log m m—00 log m

7y=1 —
7 | \THa1oJdl m




Linear regime critical regime condensed

[
' T aWa Ela"aWal

egime
0_2- 0.2' 0_2_
)/’ =0 y y y
0.1 0.1
0.0
-0.5 0.0 0.5 —0.5 0.0 0.5 ~0.5 0.0 0.5
% X X
(a) vy =0.5 (b)v=1 (c) y=1.75
7 Bl : 1.0{ - 1.01 -
AO.S- :
i =
0.0 . I .
-2 0 2
orientation orientation orientation
(d) y=0.5 (e)y=1 (f) v=1.75
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Phase diagram in three-layer ReLU NN

CR for W2, LR for Wl
B CR for W CR for Wi
W LR for W CR for Wil

LR for W2 LR for W

: Ezample :
- 512,112
(1 ,1/2)Y ( ) ® Xavier
: NTK
................... A - w0 A
VW Lecun, He

ap ~N(0,8), W ~ (0,82), Wi ~ (0,52)

: log 18283 / : log B3/ B
73 = limpy 400 ———————, 72 = limpy 0o ————
logm logm

CR is short for Condensed Reigme, LR is short for Linear Regime

13 =1
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Hanxu Zhou, Qixuan Zhou, Zhenyuan Jin, Tao Luo, Yaoyu Zhang, Zhi-Qin John Xu,
Empirical Phase Diagram for Three-layer Neural Networks with Infinite Width, NeurlPS 2022



Condensation facilitates reasoning )—
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Zhongwang Zhang, Pengxiao Lin, Zhiwei Wang, Yaoyu Zhang, Zhi-Qin John Xu, “Initialization is Critical to Whether Transformers Fit Composite Functions by
Inference or Memorizing,” NeurlPS 2024.
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Single anchors

14 seen inferential composite anchors

111} :] +10
e -
Composition : Padding

N . kS
2 +1
3] - -2
4 | 1 —8

1 seen non-inferential composite anchors

314| | —6

1 unseen composite anchor

B - [

Input data examples Target
28 1 1 38
43 3 1 46
62 3 4 56
52 4 3 ?
seen inferential seen non-inferential
anchor anchor
key item

unseen anchor (item before anchor)

/\T\J%Z%ﬂﬁ




Symmetric or inferred solutions?

Mechanism 1: learn symmetric structure Mechanism 2: infer single anchor mappings

b1l a 3| | —2 4 | 1| -8

| | |

composite form the
4 13| =1314] - —6 infered single anchors

\/
413 | :]| —10

al!b
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Mechanism 1: learn symmetric structure 6 =5

=

alb|l=|b]a E E

| 5 0.65

c E

413|=|3]|14 —6 = /s 7 =

e 7 n

g4 e 0.4¢

o @

3 :

0.2a

©

e e L 1 2 F S

Initialization~N| 0,— ©
d; I 1 ] ] 0.0

0.2 03 04 05 06 0.7 0.8

R bad generalization on seen anchors (test accuracy < 90%)
S INF=rsuTull 1L




(b)

7
Mechanism 2: infer single anchor mappings
3] -2 411 -8 6
| | ©
£5
composite form the =
infered single anchors g
g 4
413 .| —-10 @©
3
SR . 1 p)
Initialization~N (0, y)
d:
mn
0.2 0.3
Large ini

bad generalization on seen anchors (test accuracy < 90%)

04 05 0.6
initialization rate y

i
o

1
o
o)

=
o

©
I

acc of inferential solution with anchor 43

&
N

=
o

0.7 0.8
Small ini1
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output: QW
EREENTTEEN

00 = xORW

Cosine Similarity b/w
Columns of WQM

Input weight of Q neurons

‘ ‘ wen —

Small ini: clear condensation Large ini: no condensation

-0.5

-1.0

/I N\T=TSJT
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%,
&

&) Complexity of solutions

S/

Mechanism 1: learn symmetric structure Mechanism 2: infer single anchor mappings
a' b =1b a 3 —2 4 | —
v | |
4131 =134 * —6 composite form the
" infered single anchors

413 |: ]| —-10

Not only one pair
But ten pairs in training

11:12.21: 13, 31: 14, 41: 23, 32:... Need to learn four functions
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falx) =1

Small init: clear structure

(x+ 5, i
x+1,
X —2,

ifa =2
ifa =3

\Xx—8,ifa =4

(d)

Large init: no structure

35

22

25 48

44
31 47 38

2621 39 421
§%1 ‘ﬁf 52

20
4629 4
16 583
2777 23
24

49
45

36
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Symmetric solution

Output 20 58 58 & 93 93 93 83 93
layer2 @ © ©@ © ©

Layerl © O

Layer0 © O @ @ 6 o ©
Input 35 63 (99| |4 3 38 42 36 62
_key anchor
item
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Inferential solution

Output 94 95 95 109 94 92 89 90 89
layer2 © O © @ @ O O O

layerl1 © O @ O

Layer0 © O @ ¢ O O O O

Input 35 63 |99 4 3 38 42 36 62
ey anchor

item | m
7 1 N\J n LoJ | L




Mechanisms underlying initialization effect -

Low Only learn Generalize

Small initial — Condense — , — —_— .
complexity as four anchor on inference

possible

. Vey slight Large Easily fit ten Generalize
Large initial — _— e —_—
condense complexity sym. maps on sym. map

Very No Very large Easily all No

—— —) —— —

Large initial condense complexity fit maps Generalize
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Condensation

Il near O

A2 loss landscape

I,Il embedding principle
V critical sets

IV embedding in depth

Il matrix facotrization

| implicit bias

[Il one neuron recovery
A4 Global dynamics

Condensation .
Il reasoning
A5 Language model
| initialization impact
A1 Regime
[Il compositional
| phage diagram two-layer generalization

Il three-layer

/- VN\T=rsJTUll 1L

See more works on my personal website: https://yaoyuzhang1.github.io/



Problems

®How can condensation be facilitated in a neural network?

@ls it valid to compare the performance of wide and narrow networks
when the initialization variance is fixed?

®What initialization strategy can be used for a three-layer network to
induce condensation in the first hidden layer but not in the second?

®Where condensation can happen within a transformer?
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