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Motivation

How does a trained neural network generalize?

Training Data Test Point
5 O G Trained Neural Network 5
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° [ ) o o the training data leads

to this prediction?
N training samples A

We consider any parametric machine trained by gradient descent on a dataset of
examples of (input, output) pairs. Gradient descent is applied to a training loss
expressing how well a network fits the observed samples. The question of
generalization is how a trained network behaves at an unseen input, namely how it
relates the input to the training inputs.

The Domingos formula gives an explicit answer to this question.
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Domingos Formula: A Path-Kernel View

Consider the general training setup:
Dataset f(Xn; Y, )gN_;, neural network f(x; ):RP RY ¥ R™:
Loss: L( )= 21:1 (F(xns )ivn):
Training dynamics: ¢ = ¢ 1 rol( « 1):
The associated continuous gradient flow, or learning dynamics is defined by

.t: rL( t)

We define the path kernel associated to the learning dynamics by

Ke(x;x%) == hrof (x; );ref (X! )i
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Domingos Formula: A Path-Kernel View

Consider the general training setup:
Dataset f(Xn; Yy, ) I(‘—Jg_l' neural network f(x; ):RP RY B R™

Loss: L( )=a& oo “(F(Xni )iVa):
Training dynamics: = k 1 robk( « 1):

When the learning rate ¥ 0and k ¥ T; the Domingos formula? is

1 X4
|iLn0f(X;@T) = f(x;©0) N )ir@f (x; ©4); ref (Xn; ©r) ; xn,@t) dt:
n=1 0 mteractlon weight; P
path kernel trammg correctlon

The path kernel measures how strongly the test point interacts with the training
sample in the tangent feature space at time t.

IPedro Domingos. Every model learned by gradient descent is approximately a kernel machine. arXiv
preprint arXiv:2012.00152, 2020.
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Domingos Formula: an interpolation formula

For a quadratic loss, the Domingos formula becomes

] XA
f(x;01)="1(x;00) N rir@f(x;et)'{;’@f(xn;et)ﬂf(xn;(?;) yngdt:

n=1 0

interaction weight//path kernel training residual

This formula makes it apparent that the output of the learning machine for the
input X is a weighted average along the path of the residuals of all training
samples, weighted by the path kernel. The path kernel appears like a weight that
measures the interaction between the input X and the other samples X,
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Domingos Theorem

Theorem (Informal) Let f( ; ©) be a differentiable model trained by gradient descent
Ot= r t) on the data f(Xn; Yy, )gr’}‘:l, using the empirical loss

L©) =& N “(f(xn;©);¥n). Then for any input x 2 RP, the model output at time T
satisfies

1 XZ T @
f(x;01)=1(x;00) — Ki(X;xn)=— f(xn; ©t);y, dt; (1)
N, _, o of
Proof. Let Ot = (©}; ;0¢) 2 RY denote the parameter of the neural network f (; ©). By the
chain rule and the gradient flow O = rL(©t), we have
df @f @L(Ot)
—(X;©6) = ;O -
at €0 o€} AT
1
X of 1 X g 0 N
= . @7@%()(7@& - @@' (Xnv@t) of (f(%n:©t);¥n)
! XX €] (S] ©
= — X; —— (Xn; Xn; ;
Nn:“:l@@,( g 00 00 5 1 0wi 003,

= I et (600 ot (xn 00 &
- N (€] yIt), o n, 9t of

n=1

(f (xn; ©1);¥n ):

Integrating both sides from 0 to T gives (1).
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Domingos Theorem

P XA )
f(X,@T) :f(X,@o) N o ?ref(xy@t){ref(xn.@t)iif(xn:?t) ynidt-
- interaction weight training residual
Vof (x,6,)
Vof (x1,6¢) __— B,: parameter

Vof (x,6¢,)
Vof (x1, Qtl)

trajectory in R¢

——————— — Vof(x,6,):
tangent feature
of test data x

— Vof (xn, 6,):
tangent feature
of training point x,,
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Is Domingos formula general?

What if training is made by stochastic gradient descent: Real training is done
by stochastic optimizers using random mini batches.

Is there a path kernel representation for stochastic optimizers?

How does the Domingos formula depend on the kind of stochastic
optimization (SGDM, RMSprop, Adam)?

What does this imply for generalization?
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Continuous Time Approximation of the discrete SGD

The simplest stochastic gradient descent (SGD) is defined by
k41 =0k  rols,(6k);

where By is a random uniform mini-batch with fixed cardinality and

1 <X
Le, (Ok) = o “(F(%n; ©k)3Yn )
JBki n2B,

To generalize Domingos formula, we need a continuous model and an asymptotic
formulation of the learning dynamics as a stochastic differential equation.
(Several propositions for a continuous SDE [Mandt, 2015; Jastrzebski, 2018, Zhu,
2019])
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Stochastic Domingos Theorem

Lemma (First-order weak approximation of SGD?) Let T >0, 2 (0;1/~T), and
set K =bT= c. Let fOgk o be the SGD iterates. Define fZ; : t 2 [0; T]g as the
solution of the SDE

aZe= riz)dt+" L) dWs 2o = 6o (2)

where
Yisj(Z) =Es rle(z) rL(Z) rle(z) rL(Z)~

Then fZig is a first-order weak approximation of the SGD iterates; for any
smooth test function g,

max E[(@0)] Elg(Zc )] =O( ): 3)

2Qianxiao Li, Cheng Tai, and E Weinan. Stochastic modified equations and dynamics of stochastic
gradient algorithms I: Mathematical foundations. Journal of Machine Learning Research, 20(40):1-47, 2019.
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Stochastic Domingos Theorem

Mini-batch sampling Stochastic training paths in parameter space Path kernel along each path Average over the randomness

Dataset
{Con y)IN=1

Take expectation over
the random paths

7

KO0 = (7o (0 280), VoS G )

The expected prediction admits

At iteration k, sample a Domingos type

a mini-batch By, from

------------ N 2D | | KD xn) = (R 22, 0 (i 7)) E[f (x,0)] = f(x,60)

! B,‘(‘) . L .

| ; =5 e[ Km0 - 0
' 3D ' &l

i . : TTE | > KOG = (00020 Vof 0 287 +0(m).

: : |

: |

! M i

) time

M: number of possible
mini-batches

Theorem (Informal) Consider a learning model y = f(x; ©). Assume that © is learned from a
dataset (Xn; Y, )O\_; by SGD with learning rate . Then
2 3

13k B« . e . . |
7n:1 §0 Fi(fzﬁ} p—f f(Xn{,ZZs)vyn}dserO( )y (4)

interaction weight L. .
training correction

E f(x;0k) =Tf(x;00)

where KS(X;XO) = rof(x;Zs); rof (XO;ZS) is the stochastic path kernel.
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Stochastic Domingos' Theorem (SGDM)

Stochastic Gradient Descent with Momentum

Theorem (Informal) Consider a learning model y =f(x; ). Assume that is
learned from the dataset f(x;y,)gh-; by SGDM with learning rate and
momentum weight 2[0;1). Let =(1 )=. Then

2
1)(\‘ §Zkzt

) oty @
E[f(x; )I=f(Xx: o) N E xng @ff(x,%, Zs); yn}dsdtz

|nteract|on with
memory decay training correction

+0(); (5)

where the path kernel has become
Kis(x:x) = 1 f(x;20); €09 1 £(x%Z) .

When is large (weak momentum), the memory kernel collapses and the result
turns to the SGD case.
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Stochastic Domingos' Theorem (RMSprop)

Theorem (Informal) Consider a learning model y = f(x; ). Assume that is learned
from the dataset f(xn;yn )gh-1 by RMSprop (Root Mean Square Propagation) with
learning rate , second-moment decay rate 2 [0;1), and smoothing constant " > 0.
Let =(1 )= and suppose that =0O(1) as !'0. Then

R @
EfCc dl=fe o  E I<l l?(;xn; @ff(xn;zt);yn dt
O e [——(——
in{)eraction weight training correction
+0O(); (6)

where path kernel Kt (x;x% = r f(x;Z);r f(x%Z) and

z

t
P, = diag e®™  (IL(Z s)°+diag g (Zs) ds +"lg;
0

Pl

iBj (Z) =Eg rL B(Z) rL(Z) rL B(Z) rL(Z)
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Stochastic Domingos' Theorem (Adam)

Consider a learning model y = f(x; ). Assume that is learned from the dataset

f(X n;Yn 9o by Adam with learning rate , rst-moment coe cient 1 2 [0; 1),

second-moment coe cient » 2 [0;1), and smoothing constant " > 0. Let

a=(1 1)=,c2=(1 2)=, and suppose that g = O( ) for some 2 (0;1) and

c;=0(1) as !'0. Then
LW Z, Z, ] @

E[f(x; k)]=f(X; o) C11— E Kis (X;Xn) —, T(Xn; Zs);yn dsdt

N n=1 0 0 @f

X Zy @

ci1l 1)y E KE (x; Xn) ¢ T Ze)iyn dt ro(?y, )

0

where stochastic path kernel
1 e cat
KEGx) =hr £0G ) —————e

1=2 . Rt c o(ts) . 2 = P —
and P =c, “diag ,e°? diag g (Zs) +(rL(Z ¢))° ds + 1 e c2tly.
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Evolution of gradient kernel during training

(@ (b) (©

(d) (e) ®

Figure: Normalized path kernel 1, (xi;x) =K t(xi;xj)zp Kt (Xi;xi) Kt (Xj; %) on MNIST and
CIFAR-10. (a,d) Example samples. (b,e) Kernels at initialization. (c,f) Kernels after training.
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Extrapolation failure in the gradient kernel view

Figure: UMAP visualization of MNIST digits in the tangent feature space

fr f(xn; k)ghei. Left: Initialization (O-th epoch) on digits 0{4. Middle: After

training on digits 0{4 (200-th epoch). Right: Tangent-feature visualization of all digits:
while trained digits (0{4) remain well separated, unseen digits (5{9) fail to form distinct

clusters.

17/ 38
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Extrapolation failure in the gradient kernel view

Figure: Normalized gradient kernel for out-of-domain printed digits. Top: normalized
gradient kernels at initialization (a) and after training (b), and the printed-digit
confusion matrix (c). Bottom: MNIST and printed digit examples. Blue and pink bars
indicate MNIST and printed blocks, respectively.
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Extrapolation failure in the gradient kernel view

@ (b) (c)

Figure: Normalized gradient kernel for out-of-domain inputs (unseen letters). Left:
MNIST digits and unseen handwritten letters M;N; U; V; A. Middle and right:
normalized gradient kernels at initialization and after training.
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RKHS reminder

A positive de nite kernel K : X X ! R generates a Reproducing kernel Hilbert
space (RKHS) H with inner product

KOG ) KEYy: ) y, =KX y):
For every f 2 H, the reproducing property gives:
f(xX)=hf; K(X; )i n;8x2X:

Given a data distribution , ¥ , de ne the integral kernel operator
z

[Tkgl(x) = . K(x;x9g(x9d (x 9:

If g(x% represents the training residual (correction) at point%x then
K (x;x%g(x% measures how much the correction af gontributes to the pre-
diction at x.

By integrating over all  we obtain the total correction received at x.
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