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Motivation

How does a trained neural network generalize?

We consider any parametric machine trained by gradient descent on a dataset of
examples of (input, output) pairs. Gradient descent is applied to a training loss
expressing how well a network fits the observed samples. The question of
generalization is how a trained network behaves at an unseen input, namely how it
relates the input to the training inputs.
The Domingos formula gives an explicit answer to this question.
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Domingos Formula: A Path-Kernel View

Consider the general training setup:

Dataset f(xn; y
�
n )gN

n=1, neural network f (x ;�) : Rp � Rd ! Rm:

Loss: L(�) = 1
N

PN
n=1 ‘(f (xn;�); y�n ):

Training dynamics: �k = �k�1 � �rΘL(�k�1):

The associated continuous gradient flow, or learning dynamics is defined by

�̇t = �rL(�t)

We define the path kernel associated to the learning dynamics by

Kt(x ; x
0) := hrΘf (x ;�t);rΘf (x 0;�t)i:
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Domingos Formula: A Path-Kernel View

Consider the general training setup:

Dataset f(xn; y
�
n )gN

n=1, neural network f (x ;�) : Rp � Rd ! Rm:

Loss: L(�) = 1
N

PN
n=1 ‘(f (xn;�); y�n ):

Training dynamics: �k = �k�1 � �rΘL(�k�1):

When the learning rate � ! 0 and �k ! T ; the Domingos formula1 is

lim
�!0

f (x ;ΘT ) = f (x ;Θ0)�
1

N

NX
n=1

Z T

0

hrΘf (x ;Θt);rΘf (xn;Θt)i| {z }
interaction weight;

path kernel

@‘

@yn
(xn;Θt)| {z }

training correction

dt:

The path kernel measures how strongly the test point interacts with the training
sample in the tangent feature space at time t.

1Pedro Domingos. Every model learned by gradient descent is approximately a kernel machine. arXiv
preprint arXiv:2012.00152, 2020.
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Domingos Formula: an interpolation formula

For a quadratic loss, the Domingos formula becomes

f (x ;ΘT ) = f (x ;Θ0)�
1

N

NX
n=1

Z T

0

hrΘf (x ;Θt);rΘf (xn;Θt)i| {z }
interaction weight//path kernel

(f (xn;Θt)� y�n )| {z }
training residual

dt:

This formula makes it apparent that the output of the learning machine for the
input x is a weighted average along the path of the residuals of all training
samples, weighted by the path kernel. The path kernel appears like a weight that
measures the interaction between the input x and the other samples xn
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Domingos Theorem

Theorem (Informal) Let f (�;Θ) be a differentiable model trained by gradient descent
Θ̇t = �rL(Θt) on the data f(xn; y�n )gN

n=1, using the empirical loss

L(Θ) = 1
N

PN
n=1 ‘(f (xn;Θ); y�n ). Then for any input x 2 Rp , the model output at time T

satisfies

f (x ;ΘT ) = f (x ;Θ0)�
1

N

NX
n=1

Z T

0
Kt(x ; xn)

@‘

@f

�
f (xn;Θt); y

�
n

�
dt; (1)

Proof. Let Θt = (Θ1
t ; � � � ;Θd

t ) 2 Rd denote the parameter of the neural network f (�;Θ). By the

chain rule and the gradient flow Θ̇t = �rL(Θt), we have

df

dt
(x ;Θt) = �

dX
i=1

@f

@Θi
t

(x ;Θt)
@L(Θt)

@Θi
t

= �
dX

i=1

@f

@Θi
t

(x ;Θt)

 
1

N

NX
n=1

@f

@Θi
t

(xn;Θt)
@‘

@f
(f (xn;Θt); y

�
n )

!

= �
1

N

NX
n=1

dX
i=1

@f

@Θi
t

(x ;Θt)
@f

@Θi
t

(xn;Θt)
@‘

@f
(f (xn;Θt); y

�
n )

= �
1

N

NX
n=1

hrΘf (x ;Θt);rΘf (xn;Θt)i
@‘

@f
(f (xn;Θt); y

�
n ):

Integrating both sides from 0 to T gives (1).
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Domingos Theorem

f (x ;ΘT ) = f (x ;Θ0)�
1

N

NX
n=1

Z T

0

hrΘf (x ;Θt);rΘf (xn;Θt)i| {z }
interaction weight

(f (xn;Θt)� y�n )| {z }
training residual

dt:
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Is Domingos formula general?

What if training is made by stochastic gradient descent: Real training is done
by stochastic optimizers using random mini batches.

Is there a path kernel representation for stochastic optimizers?

How does the Domingos formula depend on the kind of stochastic
optimization (SGDM, RMSprop, Adam)?

What does this imply for generalization?
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Continuous Time Approximation of the discrete SGD

The simplest stochastic gradient descent (SGD) is defined by

Θk+1 = Θk � �rΘLBk
(Θk);

where Bk is a random uniform mini-batch with fixed cardinality and

LBk
(Θk) =

1

jBk j
X
n2Bk

‘(f (xn;Θk); y
�
n ):

To generalize Domingos formula, we need a continuous model and an asymptotic
formulation of the learning dynamics as a stochastic differential equation.
(Several propositions for a continuous SDE [Mandt, 2015; Jastrzebski, 2018, Zhu,
2019])
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Stochastic Domingos Theorem

Lemma (First-order weak approximation of SGD2) Let T > 0, � 2 (0; 1^T ), and
set K = bT=�c. Let fΘkgk�0 be the SGD iterates. Define fZt : t 2 [0;T ]g as the
solution of the SDE

dZt = �rL(Zt) dt +
p
�Σ

1=2
jBj (Zt) dWt ; Z0 = Θ0; (2)

where
ΣjBj(Z ) = EB

��
rLB(Z )�rL(Z )

��
rLB(Z )�rL(Z )

�>�
:

Then fZtg is a first-order weak approximation of the SGD iterates; for any
smooth test function g ,

max
k=0;:::;K

��E[g(Θk)]� E[g(Zk�)]
�� = O(�): (3)

2Qianxiao Li, Cheng Tai, and E Weinan. Stochastic modified equations and dynamics of stochastic
gradient algorithms I: Mathematical foundations. Journal of Machine Learning Research, 20(40):1–47, 2019.
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Stochastic Domingos Theorem

Theorem (Informal) Consider a learning model y = f (x ;Θ). Assume that Θ is learned from a
dataset f(xn; y�n )gN

n=1 by SGD with learning rate �. Then

E
�
f (x ;Θk )

�
= f (x ;Θ0)�

1

N

NX
n=1

E

26664
Z k�

0
Ks(x ; xn)| {z }

interaction weight

@‘

@f

�
f (xn;Zs); y

�
n

�
| {z }

training correction

ds

37775+ O(�); (4)

where Ks(x ; x 0) :=


rΘf (x ;Zs); rΘf (x 0;Zs)

�
is the stochastic path kernel.
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Stochastic Domingos' Theorem (SGDM)

Stochastic Gradient Descent with Momentum

Theorem (Informal) Consider a learning model y = f (x; �). Assume that � is
learned from the dataset f(xn; y �

n )gN
n=1 by SGDM with learning rate � and

momentum weight � 2 [0; 1). Let � = (1 � �)=�. Then

E[f (x; � k )] = f (x; � 0) �
1
N

NX

n=1

E

2

6
6
6
4

Z k�

0

Z t

0
Kt;s (x; xn)
| {z }
interaction with
memory decay

@`
@f

�
f (xn; Zs); y �

n

�

| {z }
training correction

ds dt

3

7
7
7
5

+ O(�); (5)

where the path kernel has become
Kt;s (x; x0) :=



r � f (x; Zt ); e�(t�s)� r � f (x 0; Zs)

�
.

When � is large (weak momentum), the memory kernel collapses and the result
turns to the SGD case.
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Stochastic Domingos' Theorem (RMSprop)

Theorem (Informal) Consider a learning model y = f (x; �). Assume that � is learned
from the dataset f(xn; y �

n )gN
n=1 by RMSprop (Root Mean Square Propagation) with

learning rate �, second-moment decay rate � 2 [0; 1), and smoothing constant " > 0.
Let � = (1 � �)=� and suppose that � = O(1) as � ! 0. Then

E[f (x; � k )] = f (x; � 0) �
1
N

NX

n=1

E
� Z k�

0
K Pt

t (x; xn)
| {z }
preconditioned

interaction weight

@`
@f

�
f (xn; Zt ); y �

n

�

| {z }
training correction

dt
�

+ O(�); (6)

where path kernel KPt
t (x; x 0) =



r � f (x; Z t ); r � f (x 0; Zt )

�
P �1

t
and

Pt = diag
�

�
Z t

0
e��(t�s) �

(rL(Z s))
2 + diag

�
� jBj (Zs)

��
ds

�
+ " I d ;

� jBj (Z) = E B
��

rL B (Z) � rL(Z)
��

rL B (Z) � rL(Z)
�> �

:
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Stochastic Domingos' Theorem (Adam)

Consider a learning model y = f (x; �). Assume that � is learned from the dataset
f(x n; y �

n )gN
n=1 by Adam with learning rate �, �rst-moment coe�cient � 1 2 [0; 1),

second-moment coe�cient � 2 2 [0; 1), and smoothing constant " > 0. Let
c1 = (1 � � 1)=�, c 2 = (1 � � 2)=�, and suppose that c1 = O(� �� ) for some � 2 (0; 1) and
c2 = O(1) as � ! 0. Then

E[f (x; � k )] = f (x; � 0) � c 1� 1
1
N

NX

n=1

E
� Z k�

0

Z t

0
K Pt

t;s (x; xn)
@`
@f

�
f (xn; Zs); y �

n

�
ds dt

�

� c 1(1 � � 1)
1
N

NX

n=1

E
� Z k�

0
K Pt

t;t (x; xn)
@`
@f

�
f (xn; Zt ); y �

n

�
dt

�
+ O(

p
�); (7)

where stochastic path kernel

K Pt
t;s (x; x 0) = hr � f (x; � t );

p
1 � e �c 2t

1 � e �c 1t
e�c 1(t�s) r � f (x 0; � t )i P �1

t

and Pt = c 1=2
2 diag

� Rt
0 e�c 2(t�s) �

diag
�
� jBj (Zs)

�
+ (rL(Z s)) 2�

ds
� 1=2

+ "
p

1 � e �c 2t Id .
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Evolution of gradient kernel during training

(a) (b) (c)

(d) (e) (f)

Figure: Normalized path kernel bK t (x i ; xj ) := K t (x i ; xj )=
p

K t (x i ; xi ) K t (x j ; xj ) on MNIST and
CIFAR-10. (a,d) Example samples. (b,e) Kernels at initialization. (c,f) Kernels after training.
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Extrapolation failure in the gradient kernel view

Figure: UMAP visualization of MNIST digits in the tangent feature space
fr � f (xn; � k )gN

n=1 . Left: Initialization (0-th epoch) on digits 0{4. Middle: After
training on digits 0{4 (200-th epoch). Right: Tangent-feature visualization of all digits:
while trained digits (0{4) remain well separated, unseen digits (5{9) fail to form distinct
clusters.
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Extrapolation failure in the gradient kernel view

Figure: Normalized gradient kernel for out-of-domain printed digits. Top: normalized
gradient kernels at initialization (a) and after training (b), and the printed-digit
confusion matrix (c). Bottom: MNIST and printed digit examples. Blue and pink bars
indicate MNIST and printed blocks, respectively.
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Extrapolation failure in the gradient kernel view

(a) (b) (c)

Figure: Normalized gradient kernel for out-of-domain inputs (unseen letters). Left:
MNIST digits and unseen handwritten letters M; N; U; V ; A. Middle and right:
normalized gradient kernels at initialization and after training.
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RKHS reminder

A positive de�nite kernel K : X � X ! R generates a Reproducing kernel Hilbert
space (RKHS) HK with inner product



K(x; �); K(y; �)

�
H K

= K(x; y):

For every f 2 Hk , the reproducing property gives:

f (x) = hf ; K(x; �)i H K ; 8x 2 X :

Given a data distribution �, x0 � �, de�ne the integral kernel operator

[TK g](x) =
Z

X
K(x; x0)g(x0) d�(x 0):

If g(x0) represents the training residual (correction) at point x0, then
K(x; x0)g(x0) measures how much the correction at x0 contributes to the pre-
diction at x.
By integrating over all x0, we obtain the total correction received at x.
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